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Abstract: We review recent developments on the thermodynamics of black holes in
extended phase space, where the cosmological constant is interpreted as thermodynamic
pressure and treated as a thermodynamic variable in its own right. In this approach, the
mass of the black hole is no longer regarded as internal energy, rather it is identified with
the chemical enthalpy. This leads to an extended dictionary for black hole thermodynamic
quantities, in particular a notion of thermodynamic volume emerges for a given black hole
spacetime. This volume is conjectured to satisfy the reverse isoperimetric inequality—
an inequality imposing a bound on the amount of entropy black hole can carry for a
fixed thermodynamic volume. New thermodynamic phase transitions naturally emerge
from these identifications. Namely, we show that black holes can be understood from
the viewpoint of chemistry, in terms of concepts such as Van der Waals fluids, reentrant
phase transitions, and triple points. We also review the recent attempts at extending the
AdS/CFT dictionary in this setting, discuss the connections with horizon thermodynamics,
applications to Lifshitz spacetimes, and outline possible future directions in this field.
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1 Overview
Over the past four decades a preponderance of evidence has accumulated suggesting a
fundamental relationship between gravitation, thermodynamics, and quantum theory. This
evidence is rooted in our understanding of black holes and their relationship to quantum
physics, and developed into the sub-discipline of black hole thermodynamics.
This subject was originally quite counter-intuitive [1]. Classically black holes were
nature’s ultimate sponges, absorbing all matter and emitting nothing. Superficially they
had neither temperature nor entropy, and were characterized by only a few basic parame-
ters: mass, angular momentum, and charge (if any) [2]. However the advent of quantum
field theory in curved spacetime changed all of this, leading to the famous results that the
area of a black hole corresponds to its entropy [3] and its surface gravity corresponds to its
temperature [4]. All theoretical evidence indicated that black holes radiate heat, analogous
to black body radiation, and the subject of black hole thermodynamics was born.
Black hole thermodynamics stimulated a whole new set of techniques for analyzing
the behavior of black holes and gave rise to some deep insights concerning the relationship
between gravity and quantum physics. Further investigation led to one of the most per-
plexing conundrums in physics, namely that the process of black hole radiation leads to
a loss of information that is incompatible with the basic foundations of quantum physics
[5, 6] that have yet to be resolved [7–9]. Black hole entropy turned out to be the Noether
charge associated with diffeomorphism symmetry [10]. The laws of gravitation were posited
to be intimately connected with the laws of thermodynamics [11, 12]. The introduction of
a negative cosmological constant implied that black holes could exhibit phase behaviour
[13], and somewhat later led to the holographic deployment of black holes as systems dual
to those in conformal field theories [14–16], quantum chromodynamics [17], and condensed
matter physics [18, 19]. Deep connections were discovered between the quantum infor-
mation concept of entanglement entropy [20] and the ‘architecture of spacetime’ [21]; the
linearized Einstein equations were later shown to follow from the first law of entanglement
entropy [22]. Geometric approaches to the thermodynamics of black holes were summarized
in [23].
Somewhat more recently reconsideration of the role of the cosmological constant, Λ,
has led to the realization that black hole thermodynamics is a much richer subject than
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previously thought. It led to the introduction of pressure, and with it a concept of volume
for a black hole. New phase behaviour, analogous to that seen in gels and polymers,
was found to be present. Triple points for black holes, analogous to those in water, were
discovered. Black holes could further be understood as heat engines. In general black holes
were found quite analogous to Van der Waals fluids, and in general exhibited the diverse
behavior of different substances we encounter in everyday life. This burgeoning subfield
was hence given the name black hole chemistry [24, 25].
This is the subject of this topical review. While more focussed overviews of this subject
have appeared [24–29], our aim here is to be comprehensive, reviewing the subject from its
historical roots to its modern developments.
We begin in Sec. 2 by reviewing the laws of black hole mechanics and their relation-
ship to black hole thermodynamics. After discussing early attempts at incorporating Λ
into the thermodynamic laws, we shall investigate how a proper treatment suggests that
this quantity should be interpreted as thermodynamic pressure, thereby completing the
parallel between the laws of black hole mechanics and thermodynamics. The conjugate
quantity, volume, naturally emerges and its properties are discussed in Sec. 3. Once these
basic notions of pressure and volume for black hole systems are defined and understood
it becomes possible to analyze the extended thermodynamic phase space, one that includes
these variables along with the more established quantities of temperature, entropy, poten-
tial, charge, angular velocity, angular momentum, and energy. It is in this context that the
rich panoply of chemical behavior of black holes is manifest, a subject we review in Sec. 4.
We then turn to more recent developments that endeavour to understand black hole chem-
istry from a holographic viewpoint in Sec. 5. We then consider in Sec. 6 how the concept of
thermodynamic pressure can be applied and re-interpreted in more general situations, such
as cosmological expanding spacetimes, or Lifshitz spacetimes that are conjectured to be
dual to certain condensed matter systems. We relegate supplementary technical material
into appendices and conclude our review with a discussion of what has been accomplished
in this subject and what remains to be done.
By introducing Λ as a thermodynamic variable, black hole thermodynamics has been
given a new life. Let us begin exploring.
2 Thermodynamics with Lambda
2.1 A brief review of standard black hole thermodynamics
Since black holes are classical solutions to Einstein’s equations there is no a-priori reason
to expect them to exhibit thermodynamic behaviour. The first indication linking these
two subjects came from Hawking’s area theorem [30], which states that the area of the
event horizon of a black hole can never decrease.1 Bekenstein subsequently noticed the
resemblance between this area law and the second law of thermodynamics. By applying
thermodynamic considerations in a set of Gedanken (thought) experiments, he proposed
1Hawking’s proof applies to black hole spacetimes that satisfy certain reasonable assumptions, namely,
that the spacetime on and outside the future event horizon is a regular predictable space, and that the
stress-energy tensor satisfies the null energy condition, Tabk
akb ≥ 0, for arbitrary null vector ka.
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[3] that each black hole should be assigned an entropy proportional to the area of its
event horizon. Pursuing this analogy further, the “four laws of black hole mechanics” [1]
were formulated by Bardeen, Carter, and Hawking under the assumption that the event
horizon of the black hole is a Killing horizon, which is a null hypersurface generated by a
corresponding Killing vector field. The four laws are:
0. The surface gravity κ is constant over the event horizon of a stationary black hole.
1. For a rotating charged black hole with a mass M , an angular momentum J , and a
charge Q,
δM =
κ
8piG
δA+ ΩδJ + ΦδQ , (2.1)
where κ is its surface gravity, Ω its angular velocity, and Φ its electric potential.
2. Hawking’s area theorem: δA ≥ 0, i.e. the area A of a black hole’s event horizon can
never decrease.
3. It is impossible to reduce the surface gravity κ to zero in a finite number of steps.
The surface gravity κ is defined in the presence of a Killing horizon via
ξa∇aξb = κξb (2.2)
for a suitably normalized Killing vector ξa that generates the horizon. For a static black
hole, such as the Schwarzschild black hole, the surface gravity is the force exerted at infinity
that is required to keep an object of unit mass at the horizon.
If we only consider black holes classically, these laws are merely a formal analogy
between black hole mechanics and thermodynamics, where comparison to the first law of
ordinary thermodynamics2
δU = TδS − PδV +
∑
j
µjδNj + ΦδQ (2.3)
is made with κ playing the role of temperature and event horizon area playing the role of
entropy. In fact classical black holes have zero temperature. They never emit anything;
a classical black hole immersed in a radiation bath at any finite temperature will always
absorb the radiation.
By taking quantum effects into account, Hawking discovered [4] that black holes do
emit radiation with a blackbody spectrum at a characteristic temperature
kBT =
~κ
2pic
, (2.4)
inserting the factors of Boltzmann’s constant kB, the speed of light c, and Planck’s con-
stant ~, the latter quantity underscoring the intrinsically quantum-mechanical nature of
2 Here, δNj describes changing number of particles of a given species and µj is the corresponding chemical
potential. Similarly the term ΦδQ allows for the possibility of variable electrostatic energy.
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black hole temperature. This discovery, verified by many subsequent derivations, led to a
paradigm shift: black holes are actual physical thermodynamic systems that have temper-
ature and entropy; they are no longer systems that are simply described by a convenient
analogy with thermodynamics.
With the relation (2.4) between T and κ established, we can compare the TδS term in
the first law of thermodynamics with the κδA term for black holes to infer that the entropy
is directly related to the area by
S =
Ac3
4~G
, (2.5)
a relation confirmed, for example, by the Euclidean path integral approach [31]. Accord-
ingly, equation (2.1) is nothing else but the standard first law of black hole thermodynamics:
δM = TδS + ΩδJ + ΦδQ (2.6)
for a black hole of mass M , charge Q, and angular momentum J , upon setting
G = c = kB = 1 , (2.7)
a convention that implies that ~ has units of [length]2. Keeping this in mind, we shall
henceforth suppress the explicit appearance of these quantities, restoring them on an as-
needed basis.3
The black hole mass M is identified with the energy of the system, U , and the chemical
potential and electromagnetic work terms in (2.3) play roles analogous to the rotational
and electromagnetic work terms in (2.6).
The thermodynamic variables in (2.6) are related by a useful Smarr–Gibbs–Duhem
relation, which (in four dimensions) reads4
M = 2(TS + ΩJ) + ΦQ , (2.8)
expressing a relationship between the extensive (M,J,Q) and intensive (T,Ω,Φ) thermo-
dynamic variables.
For references on standard black hole thermodynamics, a variety of reviews are avail-
able [33–36].
2.2 History of variable Λ
One of the noteworthy features of the first law (2.6) is the omission of a pressure-volume
term PδV . This quantity is commonplace in everyday thermodynamics, but there is no
obvious notion of pressure or volume associated with a black hole. In the last few years a new
perspective has emerged that incorporates these notions into black hole thermodynamics.
The basic idea is that pressure can be associated with a negative cosmological constant Λ,
a form of energy whose (positive) pressure is equal in magnitude to its (negative) energy
3Note that in d dimensions the gravitational constant Gd has units of [length]
d−4, which will be relevant
when we consider the AdS/CFT correspondence in Sec. 5.
4 In thermodynamics this relation is known as the Gibbs–Duhem relation; in the context of black hole
physics this relation was originally derived by Smarr [32], and is often simply referred to as a Smarr formula.
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density5. In what follows we consider black holes ‘immersed’ in the environment of a
negative cosmological constant.
An asymptotically anti de Sitter (AdS) black hole in d spacetime dimensions is a
solution to the Einstein equations
Rab − 1
2
gabR+ Λgab = Tab , (2.9)
where Λ < 0 is often parameterized by the AdS radius l according to
Λ = −(d− 1)(d− 2)
2l2
< 0 , (2.10)
and Tab is the matter stress-energy tensor (that vanishes sufficiently quickly as we approach
the asymptotic region).
For example, let us consider a vacuum (Tab = 0) static spherically symmetric black hole
solution, generalizing the asymptotically flat higher-dimensional Schwarzschild–Tangherlini
solution [37]. The metric reads
ds2 = −fdt2 + dr
2
f
+ r2dΩ2k , (2.11)
where the metric function
f = k −
(r0
r
)d−3
+
r2
l2
, (2.12)
and
dΩ2k = dθ
2 +
sin2(
√
kθ)
k
dΩd−3 (2.13)
is the metric on a compact (d − 2)-dimensional space Σk of constant curvature with sign
k, with k = 1 being the (d− 2)-sphere, k = 0 being a torus, and k = −1 being a compact
hyperbolic space [38, 39]. The object dΩd−3 is the metric of a (d−3)-sphere. The parameter
r0 is related to the black hole mass. The appearance of the parameter k with its three
distinct values is specific to AdS spacetimes; appropriate identifications can render any
constant (t, r) section of the spacetime compact [40]. The presence of r2/l2 in the metric
function f ensures the proper AdS asymptotic behavior.
Concentrating on the spherical (k = 1) case, sufficiently large (as compared to the
AdS radius l) black holes (2.11) have positive specific heat (unlike their asymptotically flat
counterparts) and can be in stable equilibrium at a fixed temperature (with AdS space
acting like a gravitational box). They can also undergo a phase transition to pure radia-
tion depending on the temperature [13]. In the context of the AdS/CFT correspondence,
this transition, known as the Hawking–Page transition, was later understood as a confine-
ment/deconfinement phase transition in the boundary Conformal Field Theory (CFT) [16];
we shall further discuss this transition in Sec. 4.
5While one might, a-priori, consider associating black hole pressure with a positive cosmological constant,
there are a number of subtleties and unresolved issues in black hole thermodynamics in such spacetimes.
We shall consider this topic in Sec. 6.
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The notion that Λ itself might be a dynamical variable was proposed by Teitelboim
and Brown [41, 42], and the corresponding thermodynamic term was formally incorporated
into the first law somewhat later [43], though no interpretation of the conjugate variable
was considered. The idea of associating Λ with pressure was subsequently explored from
several perspectives [44, 45], but its proper association along with the notion of a conjugate
black hole volume was achieved once the laws of black hole mechanics were generalized to
include6 Λ 6= 0 [47]. The resultant generalized first law of black hole thermodynamics is
δM = TδS + V δP + ΩδJ + ΦδQ , (2.14)
whose derivation is reproduced in App. A. Here
P = − Λ
8pi
=
(d− 1)(d− 2)
16pil2
(2.15)
is interpreted as thermodynamic pressure, and the quantity V , given by
V ≡
(
∂M
∂P
)
S,Q,J
(2.16)
is its conjugate thermodynamic volume [48, 49], whose interpretation we postpone until
Sec. 3. The quantities M and J are the conserved charges respectively associated with the
time-translation and rotational Killing vectors of the spacetime. As before, the area of the
black hole event horizon is related to the entropy according to A = 4S and temperature
T = κ/2pi with κ its surface gravity.
The interpretation of P as thermodynamic pressure naturally follows from the real-
ization that Λ < 0 induces a positive vacuum pressure in spacetime. Comparing (2.14)
with (2.3) we see that in the presence of the cosmological constant, the mass M has no
longer meaning of internal energy. Rather, M can be interpreted as a gravitational version
of chemical enthalpy [47], which is the total energy of a system including both its internal
energy E and the energy PV required to displace the vacuum energy of its environment:
M = E + PV , (2.17)
with the two quantities related by standard Legendre transformation. In other words, M
is the total energy required to “create a black hole and place it in a cosmological (negative
Λ) environment”.
Hence by permitting Λ to be a variable quantity we recover the familiar pressure-volume
term from chemical thermodynamics. Extending to cases with multiple rotations and U(1)
charges, the generalized first law of black hole thermodynamics reads [27, 47, 49, 50]
δM = TδS +
N∑
i
ΩiδJ i +V δP +
∑
j
ΦjδQj , (2.18)
6See also [46] for a treatment of the Smarr formula and first law with fixed Λ and the corresponding
AdS/CFT interpretation.
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where N = bd−12 c is the largest integer less than or equal to d−12 and represents an up-
per bound on possible number of independent rotations in d dimensions [51]. (higher-
dimensional rotating black hole solutions with Λ were constructed in [52–54] and are re-
viewed in App. B.) Here the Φj are the conjugate (gauge independent) potentials for the
electric (and magnetic) U(1) charges, Φj = Φj+ − Φj∞, allowing for both: a non-trivial
potential on the horizon Φj+ and at infinity Φ
j∞. Similarly, Ωi = Ωi+ − Ωi∞ , where the
quantities Ωi∞ allow for the possibility of a rotating frame at infinity [55]. The thermody-
namic volume V may therefore be interpreted as the change in the mass under variations
in Λ, with the black hole entropy, angular momenta, and charges held fixed.
A “practical reason” for including the pressure volume term is connected with the
Smarr formula, which now reads
d− 3
d− 2M = TS +
∑
i
ΩiJ i − 2
d− 2PV +
d− 3
d− 2
∑
j
ΦjQj , (2.19)
generalizing the relation (2.8) to AdS spacetimes in d-dimensions. Note the presence of the
crucial PV term; we shall demonstrate the need for this term in an example below.
The relation (2.19) can be obtained [44, 47] from an application of Euler’s formula
for homogeneous functions f(x, y, . . . , z)→ f(αpx, αqy, . . . , αrz) = αsf(x, y, . . . , z), which
yields the scaling relation
sf(x, y, . . . , z) = p
(
∂f
∂x
)
x+ q
(
∂f
∂y
)
y + · · ·+ r
(
∂f
∂z
)
z , (2.20)
upon taking the derivative with respect to α. Taking the mass to be a homogeneous
function M = M(A,Λ, Qj , J i), and noting that the scaling dimensions of A and J i are
d− 2, M and Qj are both d− 3, and Λ is −2 we have
(d− 3)M = (d− 2)∂M
∂A
A+ (d− 2)
∑
i
∂M
∂J i
J i + (−2)∂M
∂Λ
Λ + (d− 3)
∑
j
∂M
∂Φj
Φj . (2.21)
Employing now the first law (2.18), together with identification of S with A/4 and P with
−Λ/[8pi], we for example have ∂M∂A A = ∂M∂S S = TS and so on, and so (2.21) yields (2.19).
Note that the inclusion of the PV term is required for (2.19) to hold.
Despite the fact that the preceding derivation assumes that the mass is a homoge-
neous function of the other thermodynamic variables, the Smarr relation (2.19) has been
demonstrated to have very broad applicability, including Λ > 0 [50], any dimension,7
asymptotically Lifshitz spacetimes [58], and more exotic black objects [27, 59, 60]. Other
quoted Smarr relations [61–68] (none incorporating a notion of volume) have all been shown
to be special cases of (2.19) [58].
7This includes lower-dimensional gravity in d = 2, 3 [56]. Let us also remark that there has recently
been an investigation of a dynamical Λ that arises as an integration constant in two spacetime dimensions
[57]. The cosmological constant behaves as a U(1) charge with a confining potential, necessitating a novel
(gravitational) Born–Infeld boundary term in the action. The relationship with the d → 2 limit of the
Smarr relation (2.19) [56] has yet to be explored.
– 7 –
Before we proceed further, let us illustrate the generalized first law and the Smarr
formula for the concrete example of a charged AdS black hole in four dimensions. The
metric and the gauge field (characterized by the gauge potential A and field strength F )
read
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dΩ2 ,
F = dA , A = −Q
r
dt , (2.22)
where f(r) is given by
f = 1− 2M
r
+
Q2
r2
+
r2
l2
, (2.23)
and dΩ2 is the metric for the standard element on S2. The parameter M represents the
ADM mass of the black hole and Q its total charge. The outer (event) horizon is located
at r = r+, determined from f(r+) = 0. Exploiting this latter relation we have
M =
1
2
(
r+ +
Q2
r+
+
r3+
l2
)
, (2.24)
and so we can write all thermodynamic quantities in terms of r+, l, and Q, yielding [69–71]
S =
A
4
= pir2+ , Φ =
Q
r+
, T =
f ′(r+)
4pi
=
1
4pir+
(
1− Q
2
r2+
+ 3
r2+
l2
)
. (2.25)
Taking the variation, we have
δM =
1
2
(
1− Q
2
r2+
+ 3
r2+
l2
)
δr+ − r
3
+
l3
δl +
Q
r+
δQ , δS = 2pir+δr+ , (2.26)
so that
TδS + ΦδQ =
1
2
(
1− Q
2
r2+
+ 3
r2+
l2
)
r+δr+ +
Q
r+
δQ
= δM +
r2+
l3
δl = δM − V δP , (2.27)
which is a particular case of (2.18), where P is given by (2.15) and
V =
4pir3+
3
, (2.28)
as inferred from (2.16). Checking further the Smarr relation (2.19), we find
1
2
M − TS − 1
2
ΦQ = −1
2
r3+
l2
= −PV , (2.29)
upon using (2.28). It is obvious that without the PV term, the Smarr formula would not
hold.
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2.3 Black hole chemistry
This new perspective on black hole thermodynamics, with its different interpretation of
black hole mass and the inclusion of Λ as a pressure term [47, 48, 72, 73], has led to a
different understanding of known processes and to the discovery of a broad range of new
phenomena associated with black holes. Referred to as “Black Hole Chemistry” [24, 25,
29, 56, 74, 75], this approach has led to a new understanding of concepts such as Van
der Waals fluids, reentrant phase transitions, triple points, and polymer behavior from a
gravitational viewpoint. Both charged and rotating black holes exhibit novel chemical-type
phase behaviour that we shall discuss in the sequel.
The first observation is that the thermodynamic correspondence with black hole me-
chanics is completed [48] to include the familiar pressure/volume terms:
Thermodynamics Black Hole Mechanics
Enthalpy H = E + PV Mass M
Temperature T Surface Gravity κ2pi
Entropy S Horizon Area A4
Pressure P Cosmological Constant − Λ8pi
First Law δH = TδS + V δP + . . . First Law δM = κ8pi δA+ V δP + . . .
The dots stand for the work terms. In the black hole case these are
∑
i Ω
iδJi + Φ
jδQj ,
allowing for multiply charged and spinning black hole solutions.
Black hole chemistry has a much broader range of applications than Einstein-AdS
gravity. Its concepts generalize to Lovelock gravity and to a broad range of other theories
of gravity. We discuss the Lovelock case in the next subsection.
2.4 Lovelock gravity
One of the more fruitful applications of Black Hole Chemistry has been in Lovelock gravity
[76]. This refers to a class of gravitational theories whose actions contain terms non-linear in
the curvature. Of course infinitely many such theories exist, but Lovelock gravity theories
are unique in that they give rise to field equations that are generally covariant and contain
at most second order derivatives of the metric. They remain of considerable interest in the
context of quantum gravity where it is expected that the Einstein–Hilbert action is only
an effective gravitational action valid for small curvature or low energies, and so will be
modified by higher-curvature terms.
In d spacetime dimensions, the Lagrangian of a Lovelock gravity theory is [76]
L = 1
16pi
K∑
k=0
αkL(k) + Lm , (2.30)
where the αk are the Lovelock coupling constants. The quantities L(k) are the 2k-dimensional
Euler densities, given by the contraction of k powers of the Riemann tensor
L(k) = 1
2k
δa1b1...akbkc1d1...ckdkR
c1d1
a1b1
. . . R ckdkakbk , (2.31)
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where the ‘generalized Kronecker delta function’ is totally antisymmetric in both sets of
indices. The term L(0) is defined to be unity and gives the cosmological constant term,
Λ = −α0/2 = −8piP , L(1) gives the Einstein–Hilbert action, α1 = 1, and L(2) corresponds
to the quadratic Gauss–Bonnet term. The matter Lagrangian Lm in (2.30) describes
minimal coupling to matter. There is an upper bound of K = bd−12 c on the sum, which
reflects the fact that a given term L(k) is a purely topological object in d = 2k, and vanishes
identically for d < 2k. Only for d > 2k does this term contribute to the equations of motion.
General relativity, whose equations of motion are (2.9), is recovered upon setting αk = 0
for k ≥ 2.
Before proceeding further, we note two special subclasses of Lovelock theories. Intro-
ducing the rescaled coupling constants
αˆ0 =
α0
(d− 1)(d− 2) , αˆ1 = α1 , αˆk = αk
2k∏
n=3
(d− n) for k ≥ 2 , (2.32)
a special class of theories, called Chern–Simons gravity [77], arises in odd dimensions for
the choice
αˆp =
`2p−2n+1
2n− 2p− 1
(
n− 1
p
)
p = 1, 2, . . . , n− 1 = d− 1
2
(2.33)
of Lovelock couplings. Here ` stands for the AdS radius; it is no longer given by the second
equality in (2.15) but instead is a non-trivial function of the ‘bare’ cosmological constant
Λ = −α0/2 and the higher-order Lovelock couplings. In this particular case the local
Lorentz invariance of the Lovelock action is enhanced to a local (A)dS symmetry. Another
special case of Lovelock gravity occurs when
αˆk = αˆK
(
KαˆK
)−K−k
K−1
(
K
k
)
for 2 ≤ k < K , (2.34)
where αˆK 6= 0, while αˆ1 = 1 and αˆ0 is arbitrary. This particular choice was exploited in
[78] to study an isolated critical point, as we shall see in Sec. 4.
The equations of motion for Lovelock gravity, following from a variational principle
using (2.30), are
Gab =
K∑
k=0
αkG(k) ab = 8piT ab , (2.35)
where the Einstein-like tensors G(k) ab are given by
G(k) ab = −
1
2(k+1)
δa c1d1...ckdkb e1f1...ekfkR
e1f1
c1d1
. . . R ekfkckdk , (2.36)
and each of them independently satisfies a conservation law ∇aG(k) ab = 0 .
The same arguments in App. A that use the Hamiltonian formalism can be generalized
to the Lovelock case, yielding
δM = TδS + V δP +
K∑
k=2
Ψkδαk +
∑
i
ΩiδJ i +
∑
j
ΦjδQj (2.37)
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for the first law of black hole thermodynamics [79, 80], and
d− 3
d− 2M = TS −
2
d− 2PV +
K∑
k=2
2(k − 1)
d− 2 Ψ
kαk +
∑
i
ΩiJ i +
d− 3
d− 2
∑
j
ΦjQj (2.38)
for the Smarr formula, using the Euler scaling argument. The Smarr formula (2.42) for
black holes can be expressed in terms of a Noether charge surface integral plus a suitable
volume integral [81]. We stress that the entropy is no longer proportional to the horizon
area but instead is given by the expression
S =
1
4
∑
k
αkA(k) , A(k) = k
∫
H
√
σL(k−1) , (2.39)
where σ denotes the determinant of σab, the induced metric on the black hole horizon H,
and the Lovelock terms L(k−1) are evaluated on that surface. The k = 1 case is Einstein
gravity and yields the usual value of one-quarter the horizon area. Note also that the
Lovelock coupling constants αk are regarded as thermodynamic variables in (2.37). Their
conjugate potentials (whose physical meaning has yet to be explored) were denoted by Ψk.
For spherical Lovelock black holes they can be explicitly computed [82].
A similar situation occurs in Born–Infeld non-linear electrodynamics [83]. This is a
theory of electromagnetism in which the Lagrangian (in four dimensions) is8 [86]
LBI = 4b2
(
1−
√
1 +
2F 2
b2
− F˜
2
b4
)
, F 2 =
1
4
F abFab , F˜
2 =
1
8
abcdFabFcd . (2.40)
The parameter b represents the maximal electromagnetic field strength. This quantity
can be related to the string tension in the context of string theory [85], with b = 12piα′ .
Promoting b to a thermodynamic variable adds an extra term in the first law (2.37) [83]
δM = TδS + · · ·+ Bδb , (2.41)
where B = (∂M∂b ) is the thermodynamic conjugate to the coupling b. Noting that b has units
of electric field and the enthalpy M has units of energy, the quantity B thus has units of
electric polarization per unit volume. Consequently B has been referred to as ‘Born–Infeld
vacuum polarization’ [83]. These results straightforwardly extend to higher dimensions,
and there have been further investigations into Born–Infeld electrodynamics in extended
phase space [84, 87–92]. This yields the following generalized Smarr formula:
d− 3
d− 2M = TS −
2
d− 2PV +
K∑
k=2
2(k − 1)
d− 2 Ψ
kαk +
∑
i
ΩiJ i
+
d− 3
d− 2
∑
j
ΦjQj − 1
d− 2Bb , (2.42)
8 Note that in the absence of magnetic fields the second electromagnetic invariant F˜ does not contribute
and is often omitted in the literature. The simplified Lagrangian (2.40) without F˜ is then promoted to
higher dimensions and called Born–Infeld theory, e.g. [84]. This is to be compared to the approach taken
in string theory, e.g. [85], where the Born–Infeld action is identified with LBI ∝
√
det(gab +
1
b
Fab) in all
dimensions.
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upon incorporation of both Lovelock [80] and Born–Infeld [83] terms.
The extended Smarr formula and the first law in the more general setting of ‘variable
background fields’ was recently studied using the covariant formalism [93]; this approach
offers a new perspective on variable Λ from this more general viewpoint.
3 What is a volume of a black hole?
How do we describe and characterize the geometry of horizons, and what are their general
geometrical properties? A standard answer is offered by studying a relationship between
horizon area (an intrinsic horizon property) and dynamical quantities such as the total
energy or angular momentum, and results in the so called Penrose (isoperimetric) inequal-
ities that are closely related to cosmic censorship and Thorne’s hoop conjecture [94]. As
we have seen in Sec. 2, extended phase space thermodynamics enables one to define a new
“intrinsic” quantity — thermodynamic volume — associated with the (black hole) horizon.
It is the purpose of this section to study its physical meaning and characteristic properties,
and in particular the associated isoperimetric inequality.
3.1 Thermodynamic volume
The black hole thermodynamic volume is a quantity with dimensions of (length)d−1 (in
other words, a spatial volume) that characterizes a spacetime and is entirely derived from
thermodynamic considerations. For an asymptotically AdS black hole spacetime it is the
quantity thermodynamically conjugate to P
V ≡
(
∂M
∂P
)
S,Q,J,...
, (3.1)
as defined in (2.16).
Originally this conjugate variable was interpreted geometrically as a “... finite, effective
volume for the region outside the AdS black hole horizon” [47]. Later, it was pointed out
that (2.16) is independent of any geometric volume [48] for most black holes [49], and
should be regarded as a thermodynamic volume. Furthermore, although the definition
(3.1) was originally coined for asymptotically AdS black hole spacetimes,9 it turns out
[49] that a limit to asymptotically flat spacetimes, P → 0, often yields a finite result for
the thermodynamic volume that is ‘smoothly connected’ to its AdS counterpart, thereby
providing a way for defining a thermodynamic volume of asymptotically flat black holes.
For example, starting from the charged-AdS black hole spacetime (2.22) and employing
the definition (3.1), the thermodynamic volume (2.28) was obtained:
V =
4
3
pir3+ , (3.2)
9Note that to use definition (3.1) one does not need to know the full AdS solution; a perturbative
expansion in P is sufficient. See also Sec. 6 for a similar construction in asymptotically dS spacetimes.
Other (mostly geometric) definitions of black hole volume are discussed later in this section.
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where r+ is the black hole horizon radius. This result does not explicitly depend on the
value of Λ (or the charge Q) and so can be taken to be valid for Λ = 0. Amusingly, the
result is the same as if the black hole were a ball of radius r+ in Euclidean space.
A recent contrasting viewpoint [95] is that thermodynamic volume should be replaced
with a more general notion of gravitational tension that describes the extra energy asso-
ciated with the presence of gravitational fields surrounding a black hole. Gravitational
tension vanishes in the flat-space limit and is proportional r3+/l
3 for a Schwarzschild-AdS
black hole. The relationship of this approach to the concept of thermodynamic volume we
describe here remains to be explored.10
In the presence of rotation, additional charges, and other thermodynamic parameters,
the formula for the thermodynamic volume gets more complicated. By now a wide variety
of explicit expressions for the thermodynamic volume have been found for black holes for
which the exact solution with cosmological constant is known and their thermodynamics
is well defined. These include higher-dimensional rotating black holes [49], charged black
holes of various supergravities [49], superentropic black holes [60, 96], accelerated black
holes [97, 98], or ‘ultraspinning black rings’ obtained in the blackfold approximation [27, 95].
For example, for the d-dimensional Kerr-AdS black hole (given in App. B), the formula
(3.1) yields
V =
r+A
d− 1
(
1 +
1 + r2+/l
2
(d− 2)r2+
∑
i
a2i
Ξi
)
=
r+A
d− 1 +
8pi
(d− 1)(d− 2)
∑
i
aiJi , (3.3)
where ai are various (up to [(d− 1)/2]) rotation parameters, Ji are the associated angular
momenta, and
A =
ωd−2
r1−ε+
∏ a2i + r2+
Ξi
, Ξi = 1− a
2
i
l2
, (3.4)
is the horizon area. The total number of spacetime dimensions d = 2N + 1 + ε with ε = 1
in even and ε = 0 in odd dimensions; in even dimensions aN+1 ≡ 0.
Equation (3.3) demonstrates that in general a simple expression for V with intuitive
geometrical meaning does not hold. It is therefore natural to ask if the quantity V , de-
fined by (3.1), obeys properties that one would like to associate with the volume of black
hole. A characteristic property for the volume of a simply connected domain in Euclidean
space is that it obeys an isoperimetric inequality. We investigate this property for the
thermodynamic volume in the next section.
10 It has been further argued [95] that the volume in the asymptotically flat limit is either non-universal
or that one must come to grips with the fact that an asymptotically flat black hole can have more than
one well-defined volume. We disagree—the definition (3.1) is unambiguous and does not imply multiple
volumes in the flat space limit. Moreover, we consider the fact that the thermodynamic volume has a
smooth non-vanishing limit for asymptotically flat black holes to be not a drawback but rather a natural
feature. It is our everyday experience that volume of a body has meaning and can be non-trivial even in
the absence of external pressure. Since in our setting Λ is variable, the asymptotically flat black hole with
P = 0 just corresponds to a “fine-tuned” state and there is no reason why its volume should be trivial.
Fluctuations in pressure will lead to black holes for which their volume can be calculated from the definition
(3.1). Requiring a smooth limit then yields a non-trivial volume for asymptotically flat black holes.
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3.2 Reverse isoperimetric inequality
In Euclidean space Ed−1, the isoperimetric inequality for the volume V of a connected
domain whose area is A states that the ratio
R =
((d− 1)V
ωd−2
) 1
d−1
(ωd−2
A
) 1
d−2
(3.5)
obeys R ≤ 1, where
ωd =
2pi
d+1
2
Γ
(
d+1
2
) (3.6)
is the volume of the unit d-sphere. Equality holds if and only if the domain is a standard
round ball.
It was conjectured in [49] that a reverse isoperimetric inequality,
R ≥ 1 , (3.7)
holds for any asymptotically AdS black hole, upon identifying A with the horizon area and
V with the associated thermodynamic volume, the bound being saturated for Schwarzschild-
AdS black holes. In other words, for a fixed thermodynamic volume the entropy of the
black hole is maximized for the Schwarzschild-AdS spacetime.11
It is straightforward to prove the inequality (3.7) for Kerr-AdS black holes. Following
[49], we introduce a new variable
z =
1 + r2+/l
2
r2+
∑
i
a2i
Ξi
, (3.8)
to find that quantities (3.3) and (3.4) yield
Rd−1 =
[
1 +
z
d− 2
][∏
i
r2+ + a
2
i
r2+Ξi
]− 1
d−2 ≥
[
1 +
z
d− 2
][ 2
d− 2
(∑
i
1
Ξi
+
∑
i
a2i
r2+Ξi
)]−1/2
=
[
1 +
z
d− 2
][
1 +
2z
d− 2
]−1/2 ≡ G(z) , (3.9)
employing the arithmetic/geometric (AG) inequality (
∏
i xi)
1/N ≤ (1/N)∑i xi. Since
G(0) = 1 and d logG(z)/dz ≥ 0, the reverse isoperimetric inequality (3.7) follows.
For a broad variety of (charged and/or rotating) spherical black holes [49], as well
as for example (thin) ultraspinning black rings with toroidal horizon topology [27], the
conjecture (3.7) has been shown to be valid. For more complicated black holes (3.7) has
been confirmed numerically. Recently a class of exotic black hole spacetimes was found to
violate (3.7). These are studied in the next subsection.
3.3 Super-entropic black holes
Super-entropic black holes describe an exotic class of rotating AdS black hole solutions with
noncompact event horizons and finite horizon area, whose entropy exceeds the maximum
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Figure 1. Super-entropic black hole: horizon embedding. The horizon geometry is embed-
ded in E3 for the following choice of parameters: l = 1, r+ =
√
10 and µ = 2pi.
implied from the conjectured reverse isoperimetric inequality (3.7). First obtained by
taking a particular limit of the Carter metric [99], there is now an entire class of rotating
and/or charged super-entropic black holes in four and higher dimensions [60, 96, 100, 101]
for which R ≥ 1 does not hold12.
The simplest example of such a black hole can be obtained by applying a new type
of (singular) ultraspinning limit to the d = 4 Kerr-AdS metric (see App. B) in which the
rotation parameter a approaches the AdS radius l [60, 96]. The resulting metric reads
ds2 = −∆
Σ
[
dt− l sin2θdψ]2 + Σ
∆
dr2 +
Σ
sin2θ
dθ2 +
sin4θ
Σ
[
ldt− (r2 + l2)dψ]2 ,
Σ = r2 + l2 cos2θ , ∆ =
(
l +
r2
l
)2 − 2mr . (3.10)
The thermodynamic charges are
M =
µm
2pi
, J = Ml , Ω =
l
r2+ + l
2
, T =
1
4pir+
(
3
r2+
l2
− 1
)
,
S =
µ
2
(l2 + r2+) =
A
4
, V =
r+A
3
=
2
3
µr+
(
r2+ + l
2
)
, (3.11)
with the parameter µ denoting the periodicity of the coordinate ψ. The isoperimetric ratio
11Note that the same inequality can be extended to all black holes, with ωd replaced by the corresponding
unit volume of the space transverse to the event horizon. For example, for topological AdS black holes (k 6= 1
in (2.11)), ωd would be replaced by the corresponding volume of the constant curvature space ω
(k)
d [40].
12Similar types of black hole spacetimes have been obtained where the inequality remains to be checked
[102, 103].
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is straightforwardly computed
R =
(
r+A
2µ
)1/3(2µ
A
)1/2
=
(
r2+
r2+ + l
2
)1/6
< 1 , (3.12)
and obviously violates the conjecture (3.7).
The metric (3.10) exhibits many exotic properties [60, 96]: it describes a black hole
whose horizon has the topology of a sphere with two punctures. Fixed (r, t) sections are
non-compact and near the axis of symmetry approach Lobachevsky space. The axis itself is
removed from the spacetime, and the coordinate ψ becomes null as r →∞. The geometry
of the horizon can be visualized by embedding it in Euclidean 3-space as illustrated in
Fig. 1.
Super-entropic black holes indicate that the reverse isoperimetric inequality as stated
in Sec. 3.2 cannot be entirely correct, thereby motivating the following more stringent ver-
sion [60]:
Conjecture (Revised reverse isoperimetric inequality). For an AdS black hole with ther-
modynamic volume V and with compact horizon of area A, the ratio (3.5) satisfies R ≥ 1.
The proof of this conjecture remains an interesting open question for further study.
3.4 Negative volume: Taub-NUT solution
So far we have limited ourselves to applications of the extended phase space thermodynam-
ics to black hole spacetimes. However if taken seriously it should apply to all geometries
and spacetimes, even those without horizons [104]. In this subsection we look into its
applications to the Taub-NUT-AdS class of solutions.
The Euclidean Taub-NUT-AdS metric13 is [106]
ds2 = f(dτ + 2n cos θdφ)2 +
dr2
f
+ (r2 − n2)(dθ2 + sin2θdφ2) ,
f =
(r2 + n2)− 2mr + (r4 − 6n2r2 − 3n4)/l2
r2 − n2 , (3.13)
and represents a ‘gravitational analogue’ of magnetic monopole, with the NUT charge n
playing the role of the dyonic charge to gravitational mass m. In order to ensure the
invisibility of Misner strings, the Euclidean time τ has to be identified with periodicity
β = 8pin. Asymptotically, the solution approaches a squashed 3-sphere, written as an S1
fibration over S2 with first Chern class n.
Concentrating on thermodynamics, the most peculiar feature of the solution is that
the entropy
S = 4pin
[r2+ + n2
2r+
+
4piP
3
(
3r3+ − 12n2r+ −
3n4
r+
)]
, (3.14)
which can be calculated from the corresponding action [107, 108] (and can be understood
as a Noether charge [109]) no longer obeys the Bekenstein–Hawking law (2.5). The tem-
perature reads
T =
|f ′(r+)|
4pi
=
1
8pin
, (3.15)
13Lorentzian Taub-NUT solutions have many peculiar properties and are usually discarded as physically
irrelevant; however this viewpoint has recently been challenged [105].
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where the latter equality follows from regularity requirements and imposes a restriction14
n = n(r+). Dependent on the nature of the fixed point of the vector ∂τ for which f(r+)
vanishes, this equation has two solutions: i) the Taub-NUT case n = r+, for which the fixed
point set is zero dimensional and ii) the Taub-Bolt case where it remains two dimensional.
Together with the expression for the gravitational enthalpy H = M , equation (3.15)
yields the extended first law provided we identify the following thermodynamic volume
[104]:
V =
4pir3+
3
(
1− 3n
2
r2+
)
. (3.16)
Of particular interest is the Taub-NUT case r+ = n, which yields
VNUT = −8pin
3
3
, (3.17)
or in other words a negative thermodynamic volume! First noted in [104], this peculiar
feature has been interpreted as the fact that in the Taub-NUT case, it is the environment
that has to do work on the system to create the solution while the universe has to increase
its volume. This is in contrast to the black hole case where part of the universe had to be
removed to ‘make a place’ for the black hole.
Picking up the threads of [104], the thermodynamic properties and possible phase
transitions of Taub-NUT-AdS solutions and their generalizations have been further studied
[101, 112, 113] and extended to include rotation [114] and deformations to dyonic black holes
[115]. It is somewhat remarkable that extended phase space thermodynamics provides a
sensible framework for the study of these unusual solutions and that a plausible explanation
may exist for objects characterized by negative volume.
3.5 Black hole compressibility
Having defined the concept of black hole volume, one can start studying its associated
physical quantities. One of them, the black hole adiabatic compressibility [116] has attracted
attention in connection with black hole stability [26, 117, 118] (see also [119, 120]).
Adiabatic compressibility is defined as
κS = − 1
V
(
∂V
∂P
)
S,J,Q
, (3.18)
and for Kerr-AdS black holes is manifestly positive and regular; non-rotating black holes are
adiabatically incompressible. In four dimensions κS reaches its maximum in the extremal
black hole case, while in higher dimensions the ‘softness’ of the equation of state can be
used as an indicator of the ultraspinning instability [121].
Associated with the adiabatic compressibility is the “speed of sound” vs ∈ [0, 1] [116].
Defining an average density, ρ = M/V , this reads
v−2S =
(
∂ρ
∂P
)
S,J,Q
= 1 + ρκS = 1 +
9(2piJ)4
[6S2 + 16PS3 + 3(2piJ)2]2
, (3.19)
14Although natural in the case of spherical Taub-NUT solutions [110], a similar restriction is often imposed
for the planar and hyperbolic counterparts as well [111, 112]; recently this has been questioned [101].
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where the last equality applies to the 4-dimensional Kerr-AdS black hole. One can think
of vs as a velocity of a “breathing mode” due to changing volume at constant S. It has
been speculated that a collection of primordial black holes might affect the speed of sound
through the medium in the early universe in a manner similar to how a suspension of
compressible spheres affects the speed of sound in a fluid [116].
3.6 Killing co-potential volume
The concept of thermodynamic volume was given a geometric footing when the first law of
black hole mechanics was extended to include a cosmological constant [47]. It stems from
the following simple idea.
Consider a Killing horizon H generated by the corresponding Killing vector ξ. Due
to the Killing equation such a vector is divergence-less, ∇ · ξ = 0, and hence (at least
locally) there must exist a Killing co-potential ω (defined up to a co-closed 2-form), such
that ∇aωab = ξb. The arguments in App. A then yield15
V =
∫
∞
dSrcnb
(
ωcb − ωcbAdS
)
−
∫
H
dSrcnbωcb , (3.20)
as a candidate definition for the volume of a black hole. There are likewise expressions
for the variations of the conserved mass (A.10) and angular momenta (A.11) respectively.
One would like to integrate these relations to obtain expressions for the total energy and
angular momenta of the black hole.
Unfortunately the definition (3.20) is not unique, since ω˜ab = ωab+ζab (where ∇aζab =
0) also satisfies ∇aω˜ab = ξb and so is an equally valid co-potential. This renders ambiguous
the definition of energy based on (A.10). The best that can be done is to make a gauge
choice for ω such that [49]
M = − (d− 2)
16pi(d− 3)
∫
∞
dSrcnb(∇[ckb] + 2ΛωcbAdS) (3.21)
is the total mass M (with k = ∂t the timelike Killing vector), which itself must be deter-
mined by other means. This in turn implies from (3.20) that
V = −
∫
H
dSrcnbωcb (3.22)
is the geometric definition of volume.
The conformal approach to calculating conserved charges [122–124] provides the most
straightforward means for computing mass and angular momenta. It has a great advantage
over other methods (such as that of Abbott and Deser [125]) insofar as it involves an
integration at infinity of a finite quantity computed from the Weyl tensor. No infinite
subtraction of a pure AdS background is required.
15Expressions similar to the quantity (3.20) can be also written for Lovelock thermodynamic potentials
Ψk [80] that appear in the thermodynamic first law of Lovelock black holes, (2.37).
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3.7 Other definitions of black hole volume
We conclude this section with an overview of existing alternate approaches towards defining
black hole volume:
• Geometric volume, due to Parikh [126], is probably the first ever notion of black hole
volume. To find geometric volume, one essentially integrates the full d-dimensional
volume element over a t = const. slice, yielding
Vgeom =
∫ r+
r0
dr
∫
dΩd−2
√−g(d) , (3.23)
which is independent of the choice of ‘stationary time-slicing’ [126]. The lower bound
r0 of integration is identified with the ‘position of the singularity’ and becomes prob-
lematic to define in the case of rotating black holes. Geometric volume was further
studied in [127, 128] and has been compared to thermodynamic volume in [49], and
to vector volume [129] and Hayward’s volume [130] in [129]. The volume (3.23) seems
to satisfy the standard isoperimetric inequality, R ≤ 1, [49]. It was also implicitly
used for the study of horizon thermodynamics [45, 131, 132], the subject of Sec. 6.
• Vector volume, due to Ballik and Lake [129], is a more mathematically rigorous
formulation of geometric volume.
• Dynamical volume is due to Christodoulou and Rovelli [133] and is based on the
following simple observation in Euclidean space: the volume inside a two-sphere S is
the volume of the largest spacelike spherically symmetric 3d surface Σ bounded by
S. Generalizing to curved space, the horizon of a spherically symmetric black hole is
foliated by (spacelike) spheres Sv, labeled by the null coordinate v (setting v = 0 at
collapse time). At a given ‘time’ v, the spacelike slice Σv bounded by Sv of maximal
volume is taken to correspond to the volume of the black hole. Interestingly, the
dynamical volume grows with v and quickly approaches ‘large’ asymptotic values
Vdyn ∝ m2v as v →∞ , (3.24)
providing ‘plenty of room’ to store information [133]. Obviously the definition leads
to a complicated maximization problem, the resulting volume being very different
from the thermodynamic volume and the other three volumes mentioned in this
subsection. For this reason we will not discuss this notion any further in this paper
and refer interested readers to the original paper [133] and to recent studies [134–
136]. We just mention that dynamical volume is closely related (with the main
difference corresponding to a different choice of boundary conditions) to the time-
dependent volume of an Einstein–Rosen bridge that is conjectured to describe the
computational complexity of the dual quantum state [137, 138].
With a variety of definitions for the black hole volume one may ask if there is any
consensus and connection among them. Interestingly, it turns out that all the volumes
(apart from the dynamical one) coincide for the simple spherically symmetric case, but
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produce different results for more complicated spacetimes, for example in the presence of
rotation. Concretely, for the Kerr-AdS black hole the geometric volume, or the vector
volume [129], both read
Vgeom =
r+A
d− 1 . (3.25)
This is to be compared with the expression (3.3) for the thermodynamic volume. We
observe that the two differ by the presence of a “rotational” part and coincide in the limit
ai → 0.
For black holes in the ultraspinning regime a→ l, the rotational part completely dom-
inates and the thermodynamic volume becomes very different from its geometric counter-
part [27]. The two volumes are also completely different for the Taub-NUT-AdS geometries
studied in the previous subsection [104].
4 Black hole chemistry
With thermodynamic pressure and volume defined, we can extend the thermodynamic phase
space and study the thermodynamics of black holes in a new framework, sometimes referred
to as Black Hole Chemistry [24]. This change of perspective has been shown to have
a number of remarkable consequences—black holes now seem to behave in ways that are
analogous to a variety of “everyday” chemical phenomena, such as Van der Waals behavior,
solid/liquid phase transitions, triple points, reentrant phase transitions, and heat engines.
These will be described in this section, employing the following thermodynamic machinery:
• We shall study the thermodynamics of charged and/or rotating AdS black holes in a
canonical (fixed Q or J) ensemble. This will then be related to fluid thermodynamics,
by comparing the “same physical quantities”: cosmological pressure is identified with
the pressure of the fluid, thermodynamic volume of a black hole with the volume of
the fluid, temperature of the black hole with the temperature of the fluid, and so
on. Although quite natural, note that this “dictionary” is quite different from the
extended AdS/CFT dictionary discussed in the next section.
• The thermodynamic potential of interest is the Gibbs free energy
G = M − TS = G(P, T, J1, . . . , JN , Q1, . . . , Qn) . (4.1)
The equilibrium state corresponds to the global minimum of G.
• Local thermodynamic stability corresponds to positivity of the specific heat
CP ≡ CP,J1,...,JN ,Q1,...,Qn = T
(∂S
∂T
)
P,J1,...,JN ,Q1,...,Qn
. (4.2)
The aim of this program is to construct P−T phase diagrams, find critical points, study
their critical exponents, and determine whatever other interesting transitional behavior
might arise.
We shall start from the simple example of a Schwarzschild-AdS black hole and its
associated Hawking–Page transition, and then proceed to more complicated spacetimes
that demonstrate more elaborate phase phenomena.
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Figure 2. Hawking–Page transition. Left. The Gibbs free energy of a Schwarzschild-AdS black
hole is displayed as a function of temperature for fixed pressure P = 1/(96pi). The upper branch of
small black holes has negative specific heat and is thermodynamically unstable. For T > THP the
lower branch of large black holes (with positive specific heat) has negative Gibbs free energy and
corresponds to the globally thermodynamically preferred state. At THP we observe a discontinuity
in the first derivative of the radiation/black hole Gibbs free energy characteristic of the first order
phase transition. Right. The P − T phase diagram has a coexistence line of infinite length and is
reminiscent of the solid/liquid phase portrait.
4.1 A new look at the Hawking–Page transition
The spherically symmetric ansatz (2.11) in d = 4 has the metric function
f = k − 2M
r
+
r2
l2
, (4.3)
valid for spherical (k = 1), planar (k = 0), or hyperbolic (k = −1) horizon geometries. The
thermodynamic quantities are similar to the Q = 0 versions of those in (2.25) and read
M =
r+Ak
8
(
k +
r2+
l2
)
, S =
piAk
4
r2+ , T =
kl2 + 3r2+
4pil2r+
, V =
piAk
3
r3+ , (4.4)
where piAk is the area of the constant-curvature space.
16
Concentrating on the k = 1 spherical case, we display the Gibbs free energy G =
M − TS in the left part of Fig. 2. We observe two branches of black holes that meet
at a cusp. The upper branch displays ‘small’ (r+ < l/
√
3) thermodynamically unstable
black holes with negative specific heat, the lower branch corresponds to ‘large’ black holes
with positive specific heat. Large black holes with r+ > rHP = l have negative Gibbs free
energy (which is lower than that of an AdS space filled with hot radiation) and represent
the globally preferred state. This means that at T = THP = 1/(pil)
−1 there is a first order
16For a sphere, Ak=1 = 4; for a torus, Ak=0 = AB, where A and B are the sides of the torus. There is
no simple formula for Ak=−1.
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Hawking–Page [13] phase transition between thermal radiation and large black holes. As
noted in Sec. 2, this can be interpreted as a confinement/deconfinement phase transition
in the dual quark gluon plasma [16].
Considering the fluid interpretation in an extended phase space, the coexistence line
of thermal radiation/large black hole phases, determined from G = 0, reads
P |coexistence = 3pi
8
T 2 . (4.5)
One can easily verify (taking Sr ≈ 0 and Vr ≈ 0) that its slope satisfies the Clausius–
Clapeyron equation
dP
dT
∣∣∣
coexistence
=
∆S
∆V
=
Sbh − Sr
Vbh − Vr =
Sbh
Vbh
, (4.6)
a result not previously noted in the literature. From the right side of Fig. 2 we see that the
corresponding P − T phase diagram for this black hole has no terminal point, indicating
that this phase transition is present for all pressures. It is reminiscent of a solid/liquid
phase transition, with the radiation phase playing role of a solid [24].
By rewriting the temperature equation (4.4) whilst using the definition of pressure
(2.15), we get a corresponding “fluid equation of state”
P =
T
v
− k
2piv2
, v = 2r+l
2
P = 2
(3V
4pi
)1/3
= 6
V
N
, (4.7)
where we have, in this section only, explicitly restored the Planck length lP =
√
~G/c3.
The quantity v plays the role of a ‘specific volume’ [27, 73], given by the thermodynamic
volume V divided by the ‘number of states’ associated with the horizon, N = A/l2P . Note
that for k = 0 planar black holes we obtain the ideal gas law, T = Pv.
4.2 Charged AdS black holes and Van der Waals fluids
Can we go beyond the ideal gas law and obtain a more realistic equation of state? Consider
adding charge to the black hole, which implies the metric function becomes
f = 1− 2M
r
+
Q2
r
+
r2
l2
(4.8)
for k = 1. This is an exact solution to the Einstein–Maxwell-AdS equations, corresponding
to a charged-AdS black hole (2.22).
Charged AdS black holes allow for a first order small-black-hole/large-black-hole (SBH/LBH)
phase transition, in a canonical (fixed charge) ensemble [69–71] (see also [139, 140]), which
is in many ways reminiscent of the liquid/gas transition of a non-ideal fluid described by the
Van der Waals equation (4.11). In extended phase space this analogy becomes even more
complete since it allows proper identification between intensive and extensive variables
[72, 73]. From (2.25) the thermodynamic quantities then read
T =
l2(r2+ −Q2) + 3r4+
4pir3+l
2
, S = pir2+ , V =
4
3
pir3+ , Φ =
Q
r+
, (4.9)
– 22 –
GT
P
0.003
0.001
0.02
0.03
0.04
1
2
 Critical point
Small black hole
Large black hole
0.00 0.01 0.02 0.03 0.04 0.05
T0.000
0.001
0.002
0.003
0.004
P
Figure 3. Analogue of Van der Waals behavior. Left. A characteristic swallowtail behavior
of the Gibbs free energy of a charged-AdS black hole is displayed for fixed Q = 1. Right. The P −T
phase diagram shows SBH/LBH phase transition reminiscent of the liquid/gas phase transition.
The coexistence line terminates at a critical point where the phase transition is of the second order.
giving rise to the following equation of state:
P =
T
v
− 1
2piv2
+
2Q2
piv4
, v = 2r+ = 2
(3V
4pi
)1/3
, (4.10)
which qualitatively mimics the behaviour of the Van der Waals equation(
P +
a
v2
)
(v − b) = T , (4.11)
where the parameter a > 0 measures the attraction between particles and the parameter
b corresponds to the “volume of fluid particles”. The corresponding black hole Gibbs free
energy
G = M − TS = l
2r2+ − r4+ + 3Q2l2
4l2r+
(4.12)
demonstrates swallowtail behavior, shown in the left part of Fig. 3, characteristic of first-
order phase transitions. The swallowtail appears for pressures less than the critical value
Pc, and terminates at a critical point at
Pc =
1
96piQ2
, vc = 2
√
6Q , Tc =
√
6
18piQ
, (4.13)
at which point the phase transition becomes second-order. The P − T phase diagram
displayed in the right part of Fig. 3 illustrates the coexistence line for such a first order
phase transition and its terminal critical point.
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Amusingly, the critical ratio, Pcvc/Tc = 3/8 is exactly the same as for the Van der
Waals fluid17 and the critical point is characterized by standard mean field theory expo-
nents18 [73]:
α = 0 , β =
1
2
, γ = 1 , δ = 3 . (4.18)
An example of black holes with a critical point characterized by different critical exponents
is given in Sec. 4.5.
The coexistence line is governed by the behavior of the Gibbs free energy (the bottom
line of the swallowtail). Alternatively, it can be obtained [142] by imposing Maxwell’s equal
area law, which states that the two phases coexist when the areas above and below a line
of constant pressure drawn through a P −V curve are equal19, as shown in the left part of
Fig. 4.20
For various black holes the approximate coexistence line has been constructed numer-
ically [146–149]. For the particular case of the 4d charged-AdS black hole that we are
considering an analytic formula exists [150]. As we cross the coexistence line, for a given
Q and 3/[8pil2] = P ∈ (0, Pc), the size of the black hole ‘jumps’ from a small radius, rs, to
17The fact that this ratio has no dependence on black hole charge Q is unsurprising by dimensional
arguments. However, there is currently no obvious explanation as to why both ratios are the same. This is
true, however, only in four dimensions—for charged-AdS black holes in higher dimensions the ratio becomes
Pcvc/Tc = (2d− 5)/(4d− 8) [141].
18The critical exponents characterize the behavior of various physical quantities in the vicinity of a critical
point. Specifically, denoting by t = T/Tc−1, the critical exponents for the black hole are defined as follows
[73]:
• Exponent α governs the behaviour of the specific heat at constant volume,
CV = T
∂S
∂T
∣∣∣
V
∝ |t|−α . (4.14)
• Exponent β describes the behaviour of the order parameter M = Vl − Vs, a difference between the
volume of a large black hole Vl and the volume of a small black hole Vs on the given isotherm
M = Vl − Vs ∝ |t|β . (4.15)
[Alternatively, one could define the order parameter as the difference between the specific volumes,
m = vl − vs.]
• Exponent γ determines the behaviour of the isothermal compressibility κT
κT = − 1
V
∂V
∂P
∣∣∣
T
∝ |t|−γ , (4.16)
c.f. adiabatic compressibility κS , (3.18), discussed in Sec. 3.
• Exponent δ governs the following behaviour on the critical isotherm T = Tc:
|P − Pc| ∝ |V − Vc|δ . (4.17)
19As correctly pointed out in [143, 144] Maxwell’s equal area law is only qualitatively but not quantita-
tively right when imposed in the P − v plane. This is due to the fact that v ∝ V/N where N is no longer
a constant but N = N(r+).
20 The equal area law for the holographic entanglement entropy was studied in [145].
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Pvvgvl
Figure 4. Further analogies with Van der Waals fluid. Left. The figure schematically
displays Maxwell’s equal area law describing the liquid/gas phase transition of the Van der Waals
fluid: the ‘oscillating’ (dashed) part of the isotherm T < Tc is replaced by an isobar, such that the
areas above and below the isobar are equal one another. Similar law holds for the SBH/LBH phase
transition of the charged AdS black hole in the P − V diagram with the specific heat of the fluid
v replaced by the thermodynamic volume V of the black hole. Right. The ratio of micromolecular
densities, η = (ns − nl)/nc, is displayed as a function of T/Tc.
a large one, rl, given by
rs =
2Ql√
l2 − 2Ql +
√
l2 − 6Ql , rl =
1
2
(√
l2 + 2Ql +
√
l2 − 6Ql
)
, (4.19)
both determining the same temperature T (rs) = T (rl) and the same Gibbs free energy
G(rs) = G(rl). So we arrive at the following analytic formula for the coexistence line:
T |coexistence = r
2
s −Q2
4pir3s
+
3rs
4pil2
∈ (0, Tc) , (4.20)
correcting the result obtained previously [150]. Equipped with this expression, one can
easily verify the Clausius–Clapeyron equation,
dP
dT
∣∣∣
coexistence
=
∆S
∆V
=
Sl − Ss
Vl − Vs , (4.21)
governing the slope of the coexistence curve. Equation (4.21) has been previously verified
using an approximate coexistence formula [146].
Of course, the SBH/LBH first order phase transition requires non-trivial latent heat,
given by ∆Q = T∆S, which vanishes at the critical point where the phase transition is
second order. Similar to the Clausius–Clapeyron equation [151], one can verify the validity
of Ehrenfest’s equations at the critical point [152–154].
To further push the analogy with fluids and to investigate the possible “microscopic
structure” of a charged AdS black hole, a toy model introducing the concept of “black hole
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molecular density”
n =
1
v
=
1
2l2pr+
(4.22)
was developed [149]. As we cross the coexistence line, the number densities of large and
small black holes jump. This is illustrated in Fig. 4, where the molecular density ratio
η = (ns−nl)/nc is plotted as a function of T/Tc. This picture is reminiscent of the magne-
tization/temperature diagram of an Ising ferromagnet. However in Fig. 4 different points
on the curve correspond to different pressures, determined for a given temperature from
the coexistence curve. We refer the reader to [149, 150, 155–157] for further developments
on this model.
Another approach involves consideration of the quasinormal modes of a scalar field
around a charged AdS black hole [158, 159]. Different phases of the black hole can be
identified from the behavior of the quasinormal modes [160, 161].
We stress that although qualitatively similar, the black hole equation of state (4.10)
is not exactly that of Van der Waals (4.11). A similar situation occurs for black hole
solutions in the presence of rotation, higher dimensions, or higher curvature corrections.
Asymptotically AdS black holes whose thermodynamics match exactly that of the Van der
Waals fluid were constructed in [162, 163] in the context of Einstein gravity. Surprisingly,
the solution is supported by ‘exotic matter’ that does not obey any of the energy conditions
everywhere outside of the horizon. Extensions to a polytropic black hole found that the
energy-momentum tensor obeyed the three energy conditions [164].
Another interesting result was found for certain cases of (3+1)-dimensional STU black
holes [165]. The STU black hole solution has up to four U(1) charges. An interesting phase
structure in the fixed charge ensemble interpolating between the Hawking–Page transition
of the Schwarzschild-AdS solution and the Van der Waals transition of the charged-AdS
case was discovered. The latter behaviour occurs when three or four of these charges are
nonzero, with the usual charged AdS black hole recovered when all four charges are equal.
With only one charge switched on we observe a Hawking–Page-like transition. Two nonzero
charges yield a situation intermediate between these two [165].
More interesting phase behavior can take place in more complicated black hole space-
times that generally require dimensions d > 4. We consider these cases next.
4.3 Reentrant phase transitions
A system undergoes a reentrant phase transition (RPT) if a monotonic variation of any
thermodynamic quantity results in two (or more) phase transitions such that the final state
is macroscopically similar to the initial state. An RPT was first observed by Hudson in
1904 in a nicotine/water mixture [166]. As the temperature of the mixture for a sufficient
fixed percentage of nicotine increases, the homogeneous mixed state separates into distinct
nicotine/water phases, as illustrated in the phase diagram in Fig. 5. For sufficiently high
temperatures the homogeneous state reappears. Since their discovery, reentrant phase
transitions have been commonly observed in multicomponent fluid systems, gels, ferro-
electrics, liquid crystals, and binary gases, where the reentrant behavior often emerges as
a consequence of two (or more) ‘competing driving mechanisms’. It can also take place in
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Figure 5. Reentrant phase transition in nicotine/water mixture. The diagram displays
possible phases of the mixture dependent on the temperature and percentage of the nicotine. ‘Out-
side of the bubble’ the mixture is in a homogeneous state. Inside, two layers of nicotine and water
exist separately: in the upper half the nicotine layer is above the water layer while the layers swap
in the bottom half of the bubble. Fixing the percentage of nicotine at, for example, 40% and in-
creasing the temperature from low to high, we observe the following phases: homogeneous mixture
(low temperatures), water above nicotine (bottom half of the bubble) nicotine above water (upper
half of the bubble), homogeneous mixture (high temperatures). Since the initial and final states are
macroscopically similar, this is an example of an RPT. Reproduced from ref. [166] ( C. Hudson,
Die gegenseitige lslichkeit von nikotin in wasser Z. Phys. Chem. 47 (1904) 113) with permission
from De Gruyter.
non-commutative spacetimes [167]. We refer the interested reader to a topical review [168]
for more details.
The first example of a reentrant phase transition for black holes was discovered in
[141] in the context of four-dimensional black holes in Born–Infeld theory21 and later in
the simpler setting of vacuum black holes in higher dimensions [169], further studied in
[27, 147, 170]. This phenomenon has since been seen in higher curvature settings [82, 171–
173] and for higher-curvature hairy black holes22 [174].
Specifically, for a 6-dimensional singly-spinning Kerr-AdS black hole (see App. B for
details), for a certain range of pressures (and a given angular momentum) a monotonic
lowering of the temperature yields a LBH/SBH/LBH reentrant phase transition, illustrated
in Fig. 6 [169]. This effect is accompanied by a discontinuity in the global minimum of the
21 Interestingly, no such phenomena seem to exist for Born–Infeld-AdS black holes described by (2.40)
(with F˜ = 0) in higher dimensions [84]; however see the corresponding footnote in Sec. 2.
22These latter objects exhibit a number of interesting features – for example their entropy becomes
negative for certain choices of the parameters [174].
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Figure 6. Reentrant phase transition: singly spinning Kerr-AdS black hole in d = 6.
Left. The figure illustrates the typical behaviour of G when the reentrant phase transition is present,
P ∈ (0.0553, 0.0579). Black arrows indicate increasing r+. If we start decreasing the temperature
from, say T = 0.24, the system follows the lower vertical solid red curve of large stable black holes
until it joins the upper horizontal solid red curve of small stable black holes—this corresponds
to a first order LBH/SBH phase transition at T = T1. As T continues to decrease the system
follows this upper curve until T = T0, where G has a discontinuity at its global minimum. Further
decreasing T , the system jumps to the uppermost vertical red line of large stable black hole—this
corresponds to the zeroth order phase transition between small and large black holes. In other
words, as T continuously decreases, we observe LBH/SBH/LBH reentrant phase transition. Right.
The corresponding P − T diagram clearly illustrates 3 possible phases: a region where there are no
black holes, an LBH region and an SBH region, the last two being separated by the coexistence lines
of 1st-order (black curve) and 0th-order (red curve) phase transitions. The 1st-order coexistence
line eventually terminates at a critical point (not displayed).
Gibbs free energy, referred to as a zeroth-order phase transition [141], a phenomenon seen
for example in superfluidity and superconductivity [175]. We are thus led to the following
analogy:
Low T Medium T High T
mixed water/nicotine mixed
large BH small BH large BH
(4.23)
We conclude this subsection with three remarks: i) An RPT does not require variable
Λ. The phenomenon will be present for (properly chosen) fixed cosmological constant
and can be, for example, studied in the J − T plane, as shown in Fig. 7. ii) For RPT
phase transitions one often needs at least two competing phenomena: one driving the
phase change and the other returning the system back to its original state. In the case
of rotating black holes in 6 dimensions it is plausible [27] that behind the observed RPT
there is a competition between the blackbrane behavior of small almost ultraspinning black
holes [121] and the completely different behavior of slowly rotating large Schwarzschild-like
black holes. If this intuition is correct, it also explains why such phenomena have not been
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Figure 7. Reentrant phase transition in J − T plane. The diagram is displayed for a single
spinning Kerr-AdS black hole in 6 dimensions for a fixed pressure l = 2.656.
observed in rotating black hole spacetimes of dimensions d < 6 where ultraspinning black
holes are absent. iii) In higher curvature gravities it is possible to observe multiple RPTs,
and/or RPTs where the zeroth-order phase transition no longer plays a central role (the
RPT is achieved by a succession of two first order phase transitions) [82, 172, 173].
4.4 Analogue of solid/liquid/gas phase transition: triple points
One can also obtain a gravitational analogue of a solid/liquid/gas phase transition and
that of a triple (tricritical) point [170]. For example, a doubly spinning Kerr-AdS black
hole in d = 6 with a properly chosen ratio of angular momenta, exhibits this phenomenon,
with the associated phase diagram displayed in left Fig. 8. Three ‘phases’ of black holes are
evident: small, intermediate, and large, all meeting at a triple point. The main difference
from the solid/liquid/gas phase transition is the absence of a semi-infinite coexistence line
between the solid and liquid phases, which is now replaced by a finite coexistence line that
separates small and intermediate black holes and terminates at a second critical point23.
Similar behavior has also recently been observed for black holes in higher curvature theories
of gravity [82, 171, 172].
4.5 Beyond mean field theory
We have seen that in the context of black hole chemistry, phase diagrams of various black
hole spacetimes admit critical points. These often terminate a coexistence line describing
a first order phase transition between black holes of various sizes and are characterized by
standard mean field theory critical exponents.
23Of course, the existence of an additional critical point makes the two diagrams displayed in Fig. 8
fundamentally different. A semi-infinite coexistence line clearly separates two phases: to obtain liquid from
solid we actually have to melt the crystal. There is no possibility of “going around a critical point” as in the
liquid/gas case where one can by choosing a ‘clever path’ avoid undergoing a first order phase transition.
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Figure 8. Triple point. The left figure displays a P − T phase diagram for a doubly-spinning
Kerr-AdS black hole in d = 6 and fixed angular momenta ratio J2/J1 = 0.05. The portrait is in
many ways analogous to the solid/liquid/gas phase diagram, displayed in the right figure, including
the existence of a triple point where three coexistence lines merge together. Note however, that
in the black hole case there is an additional critical point: the small black hole/intermediate black
hole coexistence line is no longer semi-infinite (as in the solid/liquid case) and terminates, similar
to the “liquid/gas” coexistence line, in a critical point (denoted here as the ‘Critical point 2’).
Figure 9. Isolated critical point. Left. The Gibbs free energy exercises two swallowtails both
emanating from the same isolated critical point. Right. The corresponding P −T diagram displays
two phases of black holes: large and small, separated by two first order phase transitions (with
coexistence lines denoted by black and red curves) that both emerge from a single isolated critical
point where the phase transition becomes second order and is characterized by non-standard critical
exponents. In both figures we have set K = 3 and d = 7; higher d and higher (odd) K have similar
qualitative behavior.
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It is natural to ask if this is generic. Does every black hole that can be obtained by
a geometric theory of gravity have all its critical points characterized by the same critical
exponents? The answer to this question seemed to be ‘yes’ until a new kind of isolated
critical point was discovered [78, 82].
Lovelock gravity was already known to have multiple critical points [176]: the Gibbs
free energy could have more than one swallowtail. Unusual behaviour for AdS topological
black holes (k = −1 in (2.11)) was subsequently observed: such black holes have small/large
coexistence phases both below and above the critical point [89], though this behavior is
contingent on the ensemble chosen [177].
Isolated critical points were first seen in a very special setting of higher-curvature
Lovelock gravity (see Sec. 2) and satisfied several conditions. i) The Lovelock couplings
must be fine-tuned, given by Eq. (2.34). ii) The order K ≥ 3 of the Lovelock gravity has
to be odd. iii) The geometry of the horizon must be hyperbolic (k = −1).
Under these conditions, the Gibbs free energy develops two swallowtails whose tips
coincide. This results in an interesting phase diagram in which two coexistence lines of
first order phase transitions meet in a single point where the phase transition is of second-
order, as depicted in Fig. 9. The associated critical exponents now read [78]
α = 0 , β = 1 , γ = K − 1 , δ = K , (4.24)
and are obviously different from the standard exponents (4.18). Interestingly, these expo-
nents still satisfy the Widom scaling relation and the Rushbrooke inequality
γ = β(δ − 1) , α+ 2β + γ ≥ 2 , (4.25)
(both derivable from general thermodynamic considerations) but no longer, as per usual,
saturate the latter inequality. Black hole solutions in quasi-topological gravity [178, 179]
can also exhibit isolated critical points [172], with the conditions and results holding for
this class of black holes as well.
The Prigogine–Defay ratio [180] describes the ratio of the jumps of the isobaric heat
capacity ∆CP , isothermal compressibility ∆κT , and isobaric thermal expansion coefficient
∆αP , and reads:
Π =
1
V T
(∆CP∆κT
(∆αP )2
)
T
=
1
K
, (4.26)
indicating that the phase transition has more than one order parameter and is perhaps a
glass phase transition [181, 182].
One curiosity about this class of black holes is that they have zero mass. Asymp-
totically AdS zero-mass black holes have been known to exist for some time [183], and
it is quite intriguing that they can exhibit such unusual phase behaviour under the right
circumstances. The origin and physical meaning of this peculiar critical point remains to
be understood.
4.6 Holographic heat engines
With black hole chemistry where P and V are thermodynamic variables, one can also
explore how a black hole heat engine cycle (closed loop on the P − V plane) can be
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Figure 10. P − V diagram of thermodynamic cycles. Left. Carnot cycle. Paths 12 and 34
are isothermal. Paths 23 and 41 are adiabatic. For a static black hole, they also correspond to
isochoric (constant volume) paths. Right. Rectangular path.
precisely realized [184]. For example, we can consider black holes undergoing the Carnot
cycle and calculate the corresponding efficiency.
The efficiency of the Carnot cycle does not depend on the equation of state and hence
should be the same for all black hole systems. It is given by
ηCarnot = 1− QC
QH
= 1− TC
TH
, (4.27)
and is the maximum possible for any given heat engine. For non-rotating (i.e. static) black
holes, a path of fixed entropy (i.e. an adiabat) is a path of fixed volume (i.e. an isochore),
since both of these depend only on r+. Thus, the Carnot engine coincides with the Stirling
engine, and is given in the left of Fig. 10. The Carnot cycle has been studied for static
black holes in Einstein gravity [184–186], in Gauss–Bonnet gravity [187], with Born–Infeld
sectors [188], in the presence of a dilaton [189], and in Horava–Liftshitz gravity [190]. It
was also studied for the Kerr black hole in the limit of slow rotation and high pressure
[191].
In addition, a simple formula for the efficiency has been derived for rectangular paths
in the P − V plane (see right of Fig. 10) [192]. Because heat flow only occurs for the
horizontal paths which are at constant pressure, using the first law
δM = δH = TδS + V δP (4.28)
with δP = 0, we get the efficiency
η = 1− M3 −M4
M2 −M1 . (4.29)
This only depends on the mass of the black hole at the four corners of the P −V diagram.
The P − V rectangles can be made arbitrarily small and tiled to give the efficiency of
arbitrary cycles.
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Figure 11. T − S diagram of an ideal Rankine cycle. The Rankine cycle is displayed by the
red curve, whereas the blue curve corresponds to the coexistence line.
Another cycle that has been studied [155] in the black hole context is the Rankine
cycle (illustrated in Fig. 11), which is used in for example, steam turbines, and makes use
of the liquid/gas phase transition. The efficiency for this cycle is given by
η = 1− Area(ADEFA)
Area(FABCDEF )
. (4.30)
The study of black hole heat engines in extended thermodynamics is a novel direction,
which will be exciting in the context of holography (the topic of the next section).
4.7 Superfluid Black Holes
A new development in black hole chemistry occurred very recently with the discovery of
a λ-line [193]. This is a line of second order (continuous) black hole phase transitions
that strongly resemble those occurring in condensed matter systems such as the onset of
superfluidity in liquid helium [194]. This phenomenon was observed to take place in a
broad class of asymptotically AdS black holes with scalar hair. These black holes are exact
solutions [195] to a class of theories in which a scalar field is conformally coupled to the
higher-curvature terms in Lovelock gravity [196], and evade no-go results that had been
previously reported [197].
To take a specific example, in the cubic-curvature case in d-dimensions the equation
of state for a static spherically symmetric hairy charged black hole reads [193]
p =
t
v
− k(d− 3)(d− 2)
4piv2
+
2αkt
v3
− α(d− 2)(d− 5)
4piv4
+
3t
v5
−σ(d− 7)(d− 2)
4piv6
+
q2
v2(d−2)
− h
vd
, (4.31)
where all quantities have been rescaled in terms of the cubic coupling constant α3, with
α = α2√α3 the quadratic curvature coupling, p the pressure, v the volume, t, the temperature,
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Figure 12. The λ-line of superfluid black holes. p − t diagram (left) illustrates an infinite
‘coexistence line’ of second-order phase transitions separating the ‘superfluid black hole phase’
from the normal black hole phase. For every point on this line, the specific heat as a function of
temperature has the characteristic λ-shape, illustrated in the right figure for d = 7 and tc = 3.
q the charge, h the hair parameter, and k = −1, 0, 1 the curvature parameter of the
transverse constant curvature space. It is straightforward to show that the conditions for
a critical point
∂p
∂v
=
∂2p
∂v2
= 0 (4.32)
have for k = −1 the solution
pc =
[
8
225
v3c
]
tc +
v2c (11d− 40)(d− 1)(d− 2)
900pid
(4.33)
and critical volume vc = 15
1/4 for all temperatures tc, provided α =
√
5/3, h = 4(2d−5)(d−2)
2vd−6c
pid(d−4) ,
and q2 = 2(d−1)(d−2)v
2d−10
c
pi(d−4) . In other words, this black hole exhibits infinitely many critical
points! In the p − v plane, every isotherm has an inflection point at v = 151/4, and there
is no first order phase transition (in the variables (t, p)) but rather a line of second order
phase transitions, see left Fig. 12, characterized by a diverging specific heat at the critical
values, as shown in right Fig. 12, with the characteristic λ shape clearly visible. Further
investigation [193] indicates that these black holes have no pathological properties except
for the generic singularity inside the event horizon common to all black holes.
A plot of the specific heat as a function of temperature reveals a striking resemblance
to the fluid/superfluid λ-line transition of 4He [193]. The phase diagram for helium is
actually more complicated (as expected), including solid and gaseous states. Yet with only
4 parameters the essence of the λ-line can be captured in black hole physics. The interesting
properties of a superfluid are either dynamical or require a full quantum description to
understand [194], and so one might expect some underlying quantum theory of gravity will
allow exploration of the black hole analogues of these properties at a deeper level.
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The conditions for a critical point yielding a λ-line are quite general, holding for (at
least) all Lovelock theories cubic and higher. For an equation of state of the form,
P = a1(V, ϕi)T + a2(V, ϕi) (4.34)
where V is thermodynamic volume and the ϕi represent additional constants in the equation
of state, equation (4.34) will exhibit a λ-line provided the equations
∂ai
∂V
= 0 ,
∂2ai
∂V 2
= 0 i = 1, 2 (4.35)
have a non-trivial solution. This is not easy: neither the rotating black hole of 5d minimal
gauged super-gravity [198] nor those in higher order Lovelock gravity (without hair) admit
a non-trivial solution [193]. The necessary and sufficient conditions for satisfying (4.35) for
black holes in general remain to be found.
4.8 Future of black hole chemistry
Extending the phase space of black hole thermodynamics to include Λ as pressure has led us
to be able to understand black holes as chemical systems, exhibiting the kind of phenomena
found in a broad variety of real-world systems. The basic results—Van der Waals behavior,
reentrant phase transitions, triple points, and Carnot-type cycles—are extremely robust,
having been replicated in a broad variety of settings and contexts [57, 78, 82, 84, 87–
92, 120, 141, 165, 172, 177, 190, 199–220]. Theories nonlinear in curvature and/or fields also
replicate similar behavior. These include black holes in higher [120, 141, 199–202] and lower
dimensions [177, 203, 204], Lovelock gravity [78, 82, 89, 205, 221], nonlinear electrodynamics
[84, 87–89, 89–92], Einstein–Yang–Mills gravity [206], black holes with scalar hair [57,
203, 207–210], dyonic black holes [211], f(R) gravity [212], STU black holes [165], quasi-
topological gravity [172], conformal gravity [213], Horava–Lifshitz black holes [190, 214,
215], Poincare gauge gravity [204], Lifshitz gravity [58, 222], massive gravity [216–220],
and others.24 Most of these articles obtain the same qualitative phase behavior associated
with swallowtails in the Gibbs free energy diagram, indicating that black hole/Van der
Waals correspondence is quite robust. Further reading on these interesting phenomena can
be found in [24, 27, 28].
There are a number of new directions to pursue in this subject. No coexistence line of
second-order phase transition and/or second-order triple point25, third-order phase transi-
tion, or n-tuple (with n > 3) critical points (where more than 3 phases meet together), have
ever been observed. It is conceivable that such things may exist in higher-curvature gravity
theories, and it would be interesting to either obtain them or to rule out their existence.
While the derivation of the Smarr relation from the first law through the scaling argument
has been shown to be very broadly applicable, see e.g. [58], an assumption of homogeneity
is required to obtain it, and it would be preferable to find a more fundamental reason
24We refer the reader to citations of [47, 73] for further directions and references.
25Typically characterized by 2 order parameters, this is a critical point where a coexistence line of second-
order phase transition merges a line of first-order phase transition.
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underlying this assumption. Although its has been shown that the Lovelock coupling con-
stants can be regarded as thermodynamic variables [80, 81], very little is understood [221]
about phase behaviour in the much broader phase space where these quantities are no
longer constant. The relationship between gravitational tension [95, 223] and the approach
of black hole chemistry could use further scrutiny and clarification. Recently it was shown
[224] that conformal scalar hair gives rise to a one-parameter family of isolated critical
points that occur under much more general conditions than in previous work [78, 82, 172],
clarifying the relationship between isolated critical points and thermodynamically singu-
lar points. However the nature and behaviour of black holes with isolated critical points
remains to be fully explored.
Modifications that take into account quantum corrections to black holes [201, 225–228],
an extended phase space study of universal horizon products [229], and the exploration of
thermodynamic geometries in the presence of variable Λ [23, 230] are other new frontiers
for black hole chemistry.
An intense area of recent activity has been in holography. This is the subject of the
following section.
5 The AdS/CFT interpretation
The primary motivation underlying the study of AdS black holes is the AdS/CFT cor-
respondence [14], which relates a (quantum) gravitational theory in d-dimensional AdS
space (sometimes called the bulk) to a CFT formulated on its (d− 1)-dimensional bound-
ary. Since this correspondence assumes that the cosmological constant Λ is fixed, it is
natural to ask what the interpretation of the bulk pressure and volume might be on the
boundary CFT once Λ is treated as a thermodynamic variable. What do the results from
extended thermodynamics in the bulk (first law, Smarr relation, and the various phase
transitions) correspond to for the boundary theory? In this section, we will survey recent
attempts that address this question.
Recall that the pressure is defined in terms of Λ (or the AdS curvature radius l)
P = − Λ
8piGd
=
(d− 1)(d− 2)
16pil2Gd
, (5.1)
where we have explicitly included the d-dimensional gravitational constant Gd in (2.15).
Roughly speaking, l is a measure of the number of degrees of freedom, N , of the boundary
field theory, the precise correspondence between l and N depending on the family of CFTs
being considered.26 In particular, in the well-known case of the correspondence between
AdS5 × S5 and N = 4 SU(N) Yang–Mills theory, the relation is given by [14]
l4 =
√
2`4Pl
pi2
N , (5.2)
26As such, the aforementioned examples of heat engines that go around a loop in the P − V plane are,
from the viewpoint of the boundary, going around the space of field theories rather than staying within one
particular field theory [184, 192].
– 36 –
where `Pl is the 10-dimensional Planck length. This relation has its origins in the AdS/CFT
correspondence from string theory, where the AdS5 × S5 spacetime can be viewed as the
near-horizon geometry of N coincident D3 branes in type IIB supergravity.
A few authors [184, 231, 232] have therefore suggested that varying the pressure, or
Λ, is equivalent to varying the number of colors, N , in the boundary Yang–Mills theory.
The thermodynamic conjugate of pressure, i.e. the thermodynamic volume, should then
be interpreted in the boundary field theory as an associated chemical potential for color,
µ. A second, more recent, interpretation suggests that N should be kept fixed, so that we
are always referring to the same field theory. In this approach, varying Λ in the bulk has a
more natural consequence of varying the volume of the field theory [74]. However, to stay
at fixed N as the volume is varied, we have to compensate by varying Gd.
5.1 Chemical potential of the CFT
Consider the first approach, in which the number of colors is varied. From standard ther-
modynamics, the chemical potential µ is defined as the thermodynamic variable conjugate
to a change in particle number Np and appears in the first law as
δE = TδS + µ δNp . (5.3)
The chemical potential of the CFT can similarly be defined by this first law as the conjugate
to its number of degrees of freedom (or colors).
Since varying the pressure means varying N , the thermodynamic pressure and volume
in the bulk are respectively dual to the number of colors and the chemical potential in the
boundary:
V δP ↔ µδN . (5.4)
For a general CFT, one can infer from (5.1) that δP ∼ −δN , likewise implying a sign
difference
µ ∼ −V , (5.5)
from (5.4) for the chemical potential and thermodynamic volume. This relation might hint
at a meaningful connection between the behavior of a black hole (in the bulk) and that of
the holographically dual CFT it describes.
The holographic dictionary maps the black hole mass M to the energy E of the field
theory, and the temperature T and thermal entropy S of the black hole to those of the
field theory. Taking the specific case of AdS5 × S5, we take δN2 instead of δN to define
µ, because in the large N limit, the number of degrees of freedom of the N = 4 SU(N)
Yang–Mills theory is proportional to N2. With this mapping, and the relation between Λ
and N from (5.1) and (5.2), one can define the chemical potential of the field theory, µ,
via a first law
δM = TδS + µδN2 . (5.6)
With this definition, the chemical potentials corresponding to Schwarszchild [231, 233] and
charged [234] black holes in AdS5 × S5 have been explicitly calculated.
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As an example, we demonstrate how to calculate the chemical potential and relate
its behavior to the Hawking–Page transition [231, 233]. To be specific, consider the line
element (2.11) in five dimensions with the corresponding metric function
f = 1− 8G5M
3pir2
+
r2
l2
. (5.7)
Here l is both the AdS5 and the S5 radius. Note that because of compactification, G5 =
`8Pl
~pi3l5 is no longer a constant, but a function of l, and `Pl is the 10-dimensional Planck
length.27 Because of this extra dependence on l, µ is unfortunately no longer related to V
in the simple way described above.
Solving f(r) = 0 for the event horizon radius, r+, we arrive at an expression for M as
a function of r+ and l,
M =
3pir2+(l
2 + r2+)
8G5l2
. (5.8)
The next step is to obtain an expression for the black hole mass M as a function of
thermodynamic variables in the boundary field theory, namely the entropy S and number
of colors N . To this end we employ the Bekenstein–Hawking area formula (2.5), giving
S =
1
4
A
~G5
=
pi5l5r3+
2`8Pl
, (5.9)
with A = 2pi2r3+. Using (5.9) and (5.2) in (5.8) yields
M(S,N) =
3 m˜Pl
4
[(S
pi
)2
3
N
5
12 +
(S
pi
)4
3
N−
11
12
]
, (5.10)
with m˜Pl =
√
pimPl
21/8
and mPl =
~
`Pl
, the 10-dimensional Planck mass.
We now obtain expressions for the temperature, Gibbs free energy, and chemical po-
tential. The thermodynamic relation δM = TδS + µδN2 implies that
T (S,N) =
∂M
∂S
∣∣∣∣
N
=
m˜Pl
2pi
[(
S
pi
)− 1
3
N
5
12 + 2
(
S
pi
) 1
3
N−
11
12
]
, (5.11)
and that for fixed N , the minimum temperature is
Tmin =
√
2m˜Pl
piN
1
4
. (5.12)
For any T > Tmin, there are two solutions for S, corresponding to a large and a small black
hole. The heat capacity CN = T
(
∂S
∂T
)
N
diverges at Tmin, and is always negative for small
black holes (which are in the r2+ < l
2/2 regime), rendering them unstable.
27 How does the expression for G5 arise? Since we are compactifying a 10-dimensional space into AdS5×
S5, we treat the 10-dimensional Newton constant G10 as the true gravitational constant. The corresponding
Planck length is defined using the general relation (`
(d)
Pl )
d−2 = ~Gd for 10 dimensions. To find the effective
gravitational constant in 5 dimensions, we divide by the volume of the compactified space, i.e. G5 =
G10/VS5 , where VS5 = pi
3l5 is the volume of the 5-dimensional sphere with radius l.
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To find the conditions for the Hawking–Page transition [13] (see also Sec. 4) we compute
the Gibbs free energy
G(T,N) = M − TS = m˜Pl
4
[(S
pi
)2
3
N
5
12 −
(S
pi
)4
3
N−
11
12
]
, (5.13)
which is negative for N2 < Spi , corresponding to r+ > l. Black holes in this regime are more
stable than 5-dimensional AdS with thermal radiation at the same temperature, whereas
black holes with r+ < l are prone to decay into thermal radiation. In terms of N , the
Hawking–Page transition temperature, where G changes sign, is
THP =
3
2pi
m˜Pl
N1/4
. (5.14)
This transition in the bulk corresponds to a confinement/deconfinement phase transition
of the quark-gluon plasma in the boundary field theory [16].
Finally, using (5.6) and (5.10) we find [184, 231, 232]
µ ≡ ∂M
∂N2
∣∣∣∣
S
=
m˜Pl
32
[
5
(S
pi
)2
3
N−
19
12 − 11
(S
pi
)4
3
N−
35
12
]
, (5.15)
which becomes positive when N2 >
(
11
5
) 3
2 S
pi , or equivalently, r
2
+ <
5
11 l
2. In ordinary
chemistry, the chemical potential µ is negative and large at high temperatures, in the
classical regime. When µ changes sign to become positive, it is an indication that quantum
effects are coming into play [231]. In terms of temperature, µ changes sign at
T0 =
21
2pi
√
55
m˜Pl
N
1
4
, (5.16)
about 6% below the Hawking–Page transition temperature THP, and just 0.1% above the
minimum temperature Tmin, as illustrated in Fig. 13. Note, however, a crucial difference:
T0 occurs for a black hole in the small black hole branch, whereas the Hawking–Page is a
transition between radiation and a large black hole.
The high temperature behavior of µ is consistent with that in ordinary chemistry. In
the limit of high temperature (where S
N2
 1),
µ ≈ −11N
3
4
2m˜3Pl
(
piT
2
)4
(5.17)
is indeed negative and a decreasing function of T .
An alternate definition of chemical potential makes use of densities of thermodynamic
quantities [235]. Dividing all extensive quantities by the field theory volume
V = ωd−2ld−2 , (5.18)
the volume of a (d− 2)-dimensional sphere of radius l (see also Eq. 5.23), yields
dρ = Tds+ Φdq + µdN3/2 (5.19)
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Figure 13. The chemical potential µ as a function of temperature T at fixed N = 3 [233].
The upper dot denotes the minimal temperature Tmin and the lower dot denotes the Hawking–Page
transition temperature THP . The curve is parametrized by the horizon radius r+; the zero-crossing
actually occurs at the small unstable black hole branch.
for the first law, where ρ, s and q are the mass, entropy and charge densities respectively.
Using this definition, for the (4+1)-dimensional Schwarszchild and charged black holes,
the chemical potential changes sign precisely at the Hawking–Page transition temperature.
However, this is no longer true for other cases, for example the (3+1)-dimensional case or
for rotating black holes.
5.2 CFT at fixed N
We next consider the second, more recent, interpretation which proposes that varying Λ
corresponds to varying the volume on which the field theory resides [74]. The rationale
behind this interpretation is that changing Λ is equivalent to changing the AdS length scale
l, which in turn changes the curvature radius governing the space on which the field theory
is defined.
5.2.1 Pressure and volume of a CFT
In standard black hole thermodynamics, we write the bulk metric of a generic spherically
symmetric black hole in the form (2.11), that is
ds2b = −f(r)dt2 +
dr2
f(r)
+ r2dΩ2k , (5.20)
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where for an asymptotically AdS space, the metric function (or blackening function) at
large r approaches
f(r) =
r2
l2
+ . . . . (5.21)
To read off the field theory metric, we need to multiply (5.20) with an overall conformal
factor with a double zero at r = ∞ and then evaluate the metric at fixed r → ∞ [15].
Choosing this factor to be l2/r2, we see that the boundary metric is
ds2 = −dt2 + l2dΩ2k. (5.22)
Thus, the volume of the field theory is defined to be (cf. Eq. (5.18))
V = ω(k)d−2ld−2 , (5.23)
i.e. the volume of a (d − 2)-dimensional compact space (a ‘sphere’) of radius l. Denoting
by Ω the free energy of the field theory, the field theory pressure is then defined by
p = −∂Ω
∂V . (5.24)
Let us now promote the pressure p and the volume V to thermodynamic variables and
study the extended thermodynamics of the CFT. Unfortunately, there is no one-to-one
map between bulk and boundary pressures and volumes. To illustrate the issue, note that
varying the pressure of the bulk, or equivalently varying only the AdS radius l, amounts
to varying the following boundary quantities all at once:
• the number of colors N , since ld−2 ∝ N2 ,
• the volume of the space on which the field theory is formulated, as V ∝ ld−2 ,
• the CFT charge Q which is related to the bulk charge Qb according to Q = lQb .
To impose constant N while varying the field theory volume V, one can keep the
standard relation
N2 ∼ l
d−2
Gd
(5.25)
constant, which means Gd must vary with l. Here, we see the tension between the de-
scription of physics in the bulk and that of the boundary: keeping N2 constant is natural
for the boundary field theory, but it has the consequence that Gd cannot stay fixed in the
bulk. On the other hand, varying only the pressure in the bulk (where Gd is kept constant)
corresponds to varying both the volume and N of the boundary field theory at the same
time.
5.2.2 The Holographic Smarr relation
The generalized Smarr relation (2.19) can be equivalently derived by considering the ther-
modynamics of the dual field theory [74]. Namely, in the limit of a large number of colors,
N , the free energy of the field theory scales simply as N2 (the central charge):
Ω(N,µ, T, l) = N2Ω0(µ, T, l) . (5.26)
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This ‘holographic Smarr relation’, together with the equation of state, which for a conformal
field theory reads
E = (d− 2)pV , (5.27)
can be employed for an independent derivation of the Smarr relation (2.19). In particular,
the consistency of the equations (5.26) and (5.27) with the Smarr relation (2.19) has been
explicitly demonstrated for the charged-AdS black hole spacetime in any dimension in [74].
In the same paper, a modified equation of state was also found for a non-trivial example
of a large N gauge theory with hyperscaling violation. Here, a different Smarr relation for
the bulk would be expected and would be interesting to find (see however [58]).
The holographic Smarr relation (5.26) gives a simple but important insight into the
behavior of the boundary field theory: no non-trivial phase transition can occur by varying
N alone. In fact, from a holographic perspective, non-trivial phase transitions happen to
black holes in the bulk as we vary the bulk pressure because we are inevitably varying both
N and the volume of the boundary field theory.
Beyond the leading large N limit, the free energy of the boundary field theory is
no longer proportional to N2 and will instead depend nontrivially on N . Such theories
would correspond in the bulk to gravitational theories that include higher curvature terms
[74]. These exhibit exotic behavior such as reentrant phase transitions and non-mean field
critical points as seen in Sec. 4. Although less straightforward, it would be interesting to
use holography to rederive the generalized Smarr relations (2.38) for these systems.
5.2.3 p− V criticality of boundary CFT
Using the pressure and volume as defined above, the p− V criticality of a boundary CFT
can be studied explicitly [236]. Consider for example a charged AdS black hole in the 5-
dimensional bulk, dual to a 4-dimensional N = 4 SUSY Yang-Mills on the boundary, and
define pressure and volume via (5.24) and (5.23). Since charged AdS black holes exhibit a
line of first order phase transitions terminating at a critical point with mean field exponents
[73], from the CFT viewpoint a critical point with mean field exponents appears in its p−V
plane, keeping N constant.
However, the p−V behavior of the boundary field theory differs from that of the black
hole in the bulk in a number of ways. There is a single phase at low temperatures and
two phases above the critical temperature. It is the pressure, rather than the volume, that
jumps across the phase transition. Hence, it is more appropriate to let p, instead of V, be
the order parameter. Furthermore with V and Q fixed, the critical exponents turn out to
be [69, 71, 236]
α =
2
3
, β = 1, γ = −2
3
, δ =
1
3
, (5.28)
which are not mean field, though the equation of state of the CFT is still analogous to
the Van der Waals equation of state. However, if Φ instead of Q is taken as the order
parameter, the critical exponents become mean field. Finally, since the boundary field
theory is conformal, V and T are not independent, suggesting that Q rather than T should
be used as the control parameter [236].
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5.3 Holographic entanglement entropy
The AdS/CFT correspondence has enabled us to study the entanglement entropy of a
boundary CFT via the geometry of the bulk [20]. There have also been several developments
regarding the behavior of entanglement entropy by considering extended thermodynamics
in the bulk [75, 165, 232, 237–239]. We start off by defining entanglement entropy and
stating its relation to the bulk geometry.
In quantum theory, a system can be partitioned into a subsystem A and its complement
B by splitting its Hilbert space. For example, A and B can be complementary spatial vol-
umes in a quantum field theory on a given constant time slice, separated by an “entangling
surface”. If the full system is in the pure state |ψ〉, the state of subsystem A is described by
a reduced density matrix ρA = TrB |ψ〉 〈ψ| , where the degrees of freedom in B are traced
over. The entanglement between A and B can be quantified by the entanglement entropy,
defined as the von Neumann entropy of the reduced density matrix ρA:
SE = −TrρA log ρA . (5.29)
The entanglement entropy in a CFT living on an AdS boundary is encoded in the AdS bulk
by virtue of the Ryu–Takayanagi proposal [20], which states that the entanglement entropy
SE between two complementary regions A and B in the CFT is given by a generalization
of the Bekenstein–Hawking formula
SE =
AΣ
4Gd
, (5.30)
applied to a bulk minimal surface Σ (with area AΣ)
28 whose boundary at spatial infinity
matches the entangling surface in the CFT (see Fig. 14).
Expressing ρA in the form of an effective thermal system
ρA =
e−HA/T0
Tr(e−HA/T0)
, (5.31)
where HA is known as the modular Hamiltonian, yields, upon employing (5.29)
T0δSE = Tr
(
HAδρA
) ≡ δ 〈HA〉 , (5.32)
showing that entanglement entropy in CFTs satisfy a first law [240, 241]. In the case of
a spherical entangling surface (with radius r0), the first law (5.32) has been shown [22] to
follow from the bulk gravitational first law associated with the minimal surface Σ. The
bulk gravitational first law applies in our non-black hole context because Σ in this spherical
case is a Killing horizon (with Killing vector ξ), and is given by
κδAΣ
8piGd
= δEξ , (5.33)
where κ is the surface gravity of the horizon, while δAΣ is, in this case, the change in area
of the minimal surface Σ under a perturbation to a nearby solution of the bulk equations of
28Since the minimal surface area in an asymptotically AdS bulk (and thus also the entanglement entropy)
is formally divergent, to obtain a finite result one needs to employ a due regularization procedure.
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Figure 14. The boundary z = 0 divided into two complementary regions A and B. The minimal
surface Σ, which lives in the AdS bulk, has a boundary at spatial infinity that matches the boundary
between A and B.
motion which keeps ∂B fixed, and δEξ is the change in the conserved quantity associated
with the Killing vector ξ.
Similar to the case for black holes, using the Hamiltonian arguments, the bulk gravi-
tational first law can be extended to include variations in Λ, and is given by
δEξ = T0
δAΣ
4Gd
− V δΛ
8piGd
, (5.34)
where the “thermodynamic volume” is now
V =
l2
(d− 1)r0 AΣ , (5.35)
and the area AΣ was found by imposing a cutoff [232].
Using (5.30) and (5.1), the extended bulk first law can be rewritten as
δEξ = T0δSE − (d− 2)T0SE δl
l
. (5.36)
Identifying a bulk quantity Eξ with 〈HA〉 of the CFT, and using the precise correspondence
between l and N (which depends on the CFT in consideration), one will get an extended
first law for the CFT entanglement entropy. For example, for a 2-dimensional CFT with a
3-dimensional bulk, this relation was shown to be [232]
δ 〈HA〉 = T0δSE − T0SE
N
δN . (5.37)
An extended first law for entanglement entropy was also derived for more general scenarios
that include variable Λ, Gd, and Lovelock couplings [75, 237].
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Another development regarding holographic entanglement entropy was considered in
[238]. For a charged black hole in AdS4, it was found (at fixed Λ) that as temperature
increases, the entanglement entropy in the CFT undergoes a discontinuous jump as the
black hole undergoes a Van der Waals phase transition, similar to what happens for the
black hole thermal entropy as discussed in Sec. 4.
It has been further argued [165] that such behavior of the entanglement entropy can
diagnose the P − V phase structure of the bulk. Computing the entanglement entropy of
a circular region on the boundary for the field theory dual to a (3+1)-dimensional STU
black hole with given charges, it was shown that for charge configurations where a Van
der Waals phase transition is present (i.e. for 3 or 4 charges turned on), the entanglement
entropy29 exhibits a jump at the same critical temperature. This was done numerically for
various temperatures and charges to obtain T − S curves which can indicate the presence
of a phase transition [165].
The behavior of the entanglement entropy and two-point correlation function have
also been studied numerically for the quintessence30 charged AdS black hole [239], further
hinting that these quantities might be good indicators of phase transitions in the bulk.
5.4 Other directions
Among other directions related to the AdS/CFT correspondence and black hole chemistry,
let us mention the following two.
Holographic superconductors. A new venue for the black hole chemistry is the study of
P −T phase diagrams for spacetimes with multiple fields (going so beyond a simple case of
negative cosmological constant) that are used to model holographic superconductors [19].
The first such study [242] constructed phase diagrams for the “s + p model” in Gauss–
Bonnet gravity by employing both the bulk (2.15) and the CFT (through the boundary
stress energy tensor) definitions of pressure. Curiously, it was the bulk definition that gave
rise to a P − T diagram reminiscent of the actual P − T diagram of Helium-3 [242].
Kerr/CFT correspondence. Another related study concerns the Kerr/CFT correspon-
dence [243] for the super-entropic holes discussed in Sec. 3. This correspondence posits
a duality between the horizon of a Kerr black hole (bulk) and a 2-dimensional CFT. For
super-entropic black holes it is not a-priori obvious that the correspondence exists, given the
non-compactness of their event horizons, and indeed it was recently shown [244] that some
but not all super-entropic black holes exhibit this correspondence. For example d = 4
singly-spinning super-entropic black holes exhibit the correspondence, but their higher-
dimensional counterparts do not since extremal super-entropic black holes no longer exist
in d > 4. A sufficient condition for the applicability of the Cardy formula (relating the
CFT central charge to the entropy) is that the electric charge of such black holes is large
relative to the AdS length (q  l) in contrast to Kerr–Newman-AdS black holes in which
small rotation parameters are additionally required.
29To obtain a finite entanglement entropy, the area of the minimal surface in pure AdS was subtracted
from the black hole configuration.
30Quintessence is a scalar field which can vary in space and time. It was proposed to explain dark energy,
and is an alternative to the cosmological constant model.
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6 Beyond Λ < 0
We devote this section to extending of some of the ideas presented in this review to more
general settings. Specifically we shall consider a positive cosmological constant Λ > 0
(extending the concepts presented in Sec. 1 and Sec. 2) [50, 245], asymptotically Lifshitz
spacetimes [58], and connections with so-called horizon thermodynamics [45].
6.1 Thermodynamics of de Sitter black holes
The thermodynamics of asymptotically de Sitter (dS) black holes is much more complex
than that of their asymptotically flat or AdS cousins for two basic reasons. First, the
existence of a cosmological horizon in addition to a black hole horizon means that the
system associated with an observer located between these horizons is in a non-equilibrium
state–such an observer would find herself in a thermodynamic system characterized by two
temperatures. Second, the absence of a Killing vector that is timelike everywhere outside
the black hole horizon prevents one from defining a good notion of the asymptotic mass31.
This is quite unfortunate as dS black holes are of direct interest in cosmology.
There have been only a few investigations of the thermodynamics with variable Λ in
cosmological settings, e.g. [248–251]. In this subsection we discuss which features of black
hole chemistry can be carried over to the dS black hole case.
6.1.1 Multiple horizons and their first laws
One way to deal with the thermodynamics of spacetimes with multiple horizons is to
formulate several separate thermodynamic first laws, one for each ‘physical’ horizon present
in the spacetime. Specifically, let us consider a general rotating dS black hole with several
U(1) charges in d-dimensions. Such a black hole typically admits three horizons, located at
real positive radii r, determined from the horizon condition, say f(r) = 0. The cosmological
horizon (denoted with subscript c) is located at the largest positive root rc, the black hole
horizon (denoted with subscript b) corresponds to the second largest positive root rb, and
the inner horizon (if it exists) corresponds to the third largest positive ri (denoted with
subscript i).
The arguments in App. A can be recapitulated for Λ > 0 [50] (see also [252–254]), and
indicate that the following first laws:
δM = TbδSb +
∑
k
Ωkb δJ
k +
∑
j
ΦjbδQ
j +VbδP , (6.1)
δM = −TcδSc +
∑
k
ΩkcδJ
k +
∑
j
ΦjcδQ
j +VcδP , (6.2)
δM = −TiδSi +
∑
k
Ωki δJ
k +
∑
j
Φji δQ
j +ViδP , (6.3)
31See [246, 247] for recent developments on other peculiar features of asymptotically dS spacetimes.
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hold for these horizons32. Here, M represents a quantity that would be the ADM mass in
asymptotically AdS and flat cases33 and the horizon temperatures Tb, Tc and Ti are all
defined to be proportional to the magnitudes of their respective surface gravities and so
are all positive. Sb, Sc and Si denote the horizon entropies, the Ω’s and J ’s denote the
respective angular velocities and momenta, the Φ’s and Q’s stand for the respective electric
potentials and charges, and the quantity P is related to the positive cosmological constant
Λ according to the same relation (2.15) as for the AdS case
P = − Λ
8pi
= −(d− 1)(d− 2)
16pil2
< 0 , (6.4)
commensurate with the form of a perfect fluid stress-energy tensor. Since it is now neg-
ative, P is perhaps best understood as a tension rather than a pressure, though we shall
continue to call P pressure throughout this section. The quantities Vc, Vb and Vi are the
thermodynamic volumes, that is, the quantities thermodynamically conjugate to P :
Vc =
(∂M
∂P
)
Sc,J1,Q1...
, Vb =
(∂M
∂P
)
Sb,J1,Q1...
, Vi =
(∂M
∂P
)
Si,J1,Q1...
. (6.5)
Starting from (6.1)–(6.3), it is also possible to formulate ‘subtracted’ first laws. For
example, for an observer in between the cosmological and the black hole horizon, the
difference between (6.1) and (6.2) gives
0 = TbδSb + TcδSc +
∑
i
(Ωib − Ωic)δJ i +
∑
j
(Φjb − Φjc)δQj − V δP , (6.6)
where V stands for the net volume of the ‘observable universe’,
V = Vc − Vb ≥ 0 , (6.7)
and for standard examples equals the naive geometric volume [50].
Various isoperimetric inequalities for the different thermodynamic volumes associated
with dS black hole spacetimes have also been formulated [50]. For example, the entropy is
increased by adding black holes for fixed volume of the observable universe for all considered
examples.
The above three laws are accompanied by the corresponding Smarr–Gibbs–Duhem
formulae
d− 3
d− 2M = TbSb +
d− 3
d− 2
∑
j
ΦjbQ
j +
∑
k
ΩkbJ
k − 2
d− 2VbP , (6.8)
d− 3
d− 2M = −TcSc +
d− 3
d− 2
∑
j
ΦjcQ
j +
∑
k
ΩkcJ
k − 2
d− 2VcP , (6.9)
d− 3
d− 2M = −TiSi +
d− 3
d− 2
∑
j
ΦjiQ
j +
∑
k
Ωki J
k − 2
d− 2ViP , (6.10)
which can be derived from the corresponding first laws (6.1)–(6.3) via the dimensional
scaling argument [47].
32 See e.g. [255–257] for a discussion of why a rather formal thermodynamics of inner horizons may play
a role in understanding black hole microscopics.
33In the dS case such a quantity is “conserved in space” (rather than in time) due to the spacelike
character of the Killing field ∂t in the region near infinity [258].
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6.1.2 Effective thermodynamic description and phase transitions
Having formulated the first law for each physical horizon a natural question arises: do
dS black holes admit phase transitions similar to their AdS cousins? Surprisingly, at the
moment there is no consensus in the literature for how to do consistent thermodynamics
for these black holes. Let us discuss several recent proposals.
Perhaps the most ‘naive’ and straightforward proposal is to study the thermodynamics
of all three dS horizons [245], treating them as if they were independent thermodynamic
systems, characterized by their own temperature and thermodynamic behavior. Technically
the behavior of all such systems is captured by a single ‘thermodynamic potential’ that
corresponds in some sense to a continuation of the Gibbs free energy of AdS black holes to
negative pressures (to describe positive cosmological constant) and “negative temperatures”
(to be able to describe inner and cosmological horizons as well). A phase transition of any
of these systems is then taken as a sign of a phase transition of the whole dS black hole
spacetime. Using this criterion, it was shown that a 6-dimensional doubly spinning rotating
black hole in dS space admits a reentrant phase transition, similar to the one observed for
their AdS cousins [245].
Another approach is that of the effective equilibrium thermodynamic description. The
key ingredient for such a description is to concentrate on an observer who is located in an
‘observable part of the universe’, in between the black hole horizon and the cosmological
horizon, and assign to the system an “effective temperature” Teff, through a postulated
effective thermodynamic first law. Depending on the interpretation of the mass parameter
M , there are various versions of the effective approach, each giving rise to a different
effective thermodynamic description and different Teff.
In the first version, originated by Urano et al. [259] and elaborated upon in [260–265]
the mass parameter M is treated as the internal energy E of the system. The system is
assigned a ‘total entropy’ S, given by the sum of the black hole horizon and the cosmological
horizon entropies [266, 267], and an effective volume V that equals the volume of the
observable universe,
S = Sb + Sc , V = Vc − Vb , E = M . (6.11)
By recasting (6.1) and (6.2), the effective temperature Teff and the effective pressure Peff
are then determined from the following first law:
δE = TeffδS − PeffδV +
∑
i
ΩieffδJ
i +
∑
j
ΦjeffδQ
j , (6.12)
where the new thermodynamic quantities Ωieff and Φ
j
eff are defined as quantities thermody-
namically conjugate to J i andQj . Interestingly, this identification leads to a “Schwarzschild-
dS black hole analogue” of the Hawking–Page transition. However, as discussed in [268],
physically unclear results emerge for more complicated black hole spacetimes. For example,
already for the spherically symmetric charged-dS black hole, up to four branches of ad-
missible black holes appear for a given Teff, leading to a very complicated phase structure.
Moreover, neither the effective temperature nor the effective pressure, as defined by (6.12),
are manifestly positive.
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Figure 15. M as enthalpy: Effective temperature (sum of entropies). The effective
temperature as predicted by the ‘sum entropy rule’, S = Sc +Sb, is displayed for P = 0.003 for the
Schwarzschild-dS case (left) and the charged-dS case with Q = 1 (right) as a function of x = rb/rc.
The black curve displays the cosmological horizon temperature Tc, the red curve corresponds to
black hole horizon temperature Tb, and the blue curve to the effective temperature Teff. Note that
in the charged case, at x = xL ≈ 0.205 (the lukewarm solution Tb = Tc) the effective temperature
suffers from an infinite jump while it is negative for x ∈ (xmin, xL).
In the second version of the effective approach, the parameter M is, similar to the AdS
case, treated as gravitational enthalpy [268, 269]. Namely, the following effective first law
is imposed:
δH = TeffδS + VeffδP +
∑
i
ΩieffδJ
i +
∑
j
ΦjeffδQ
j , (6.13)
where H = −M and P = −P . Note that the volume V = Vc − Vb is no longer treated as
fundamental and is replaced by Veff. Starting again from the two first laws (6.1) and (6.2),
and to write (6.13), one needs to identify the entropy S of the effective system. It is not
very hard to see that provided we take the sum of the entropies as in [269], S = Sc + Sb,
we get
S = Sc + Sb ⇒ Teff =
( 1
Tc
− 1
Tb
)−1
. (6.14)
Although this formula for Teff often appears in the literature, one can easily see its unphys-
ical properties. Considering for example the charged-dS black hole solution, we observe, as
illustrated in Fig. 15, that the black hole horizon and cosmological horizon temperatures
are not ordered: we can have Tb < Tc (close to the extremal limit), Tb > Tc (close to the
Nariai limit), or even Tb = Tc (in the case of the lukewarm solution). Consequently, the
effective temperature as defined by formula (6.14) is not necessarily positive and becomes
ill defined (suffers from an ‘infinite jump’) when Tb = Tc. This unphysical behavior of Teff
(6.14) is likely to prevail for any solutions with inner horizons and is thence generic.
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An ‘ad hoc solution’ of this problem would be to identify the effective entropy as
S = Sc − Sb ≥ 0 .34 The effective first law (6.13) then implies
Teff =
( 1
Tc
+
1
Tb
)−1 ≥ 0 , Veff = Teff(Vc
Tc
+
Vb
Tb
)
≥ 0 ,
Ωieff = −Teff
(Ωib
Tb
+
Ωic
Tc
)
, Φjeff = −Teff
(Φjb
Tb
+
Φjc
Tc
)
. (6.15)
Consequences of this proposal are currently under investigation [268].
In summary, at the moment there is no accepted formalism describing thermodynamics
of asymptotically dS black holes and their possible phase transition, irrespective of whether
the cosmological constant is allowed to vary or not. Perhaps an approach where one allows
a temperature gradient, T = T (r) [270] might offer some solution. See also [271] for a
recent alternative study.
6.2 Pressure and volume in horizon thermodynamics
The concepts of pressure and volume as well as that of the equation of state P = P (V, T )
applied to black holes (with a modified first law) appeared in the literature prior to the
idea of extended phase space thermodynamics. A particular manifestation that has received
much attention is horizon thermodynamics [12, 45].
After Hawking’s seminal paper [4] elevated the laws of black hole mechanics to the
laws of thermodynamics, identifying the geometric concept of surface gravity κ with the
quantum mechanical temperature of the black hole, κ~ ∝ T , two important questions arose:
How do the completely classical Einstein equations know about quantum effects? Can we
understand gravity from a thermodynamic viewpoint?
Several answers, dependent on the nature of the horizon in consideration, subsequently
appeared [272]: considerations about the local Rindler horizon led Jacobson to ‘re-derive’
the Einstein equations as a thermodynamic equation of state from the Clausius relation [11]
ii) the study of the Einstein equations evaluated on the black hole horizon led Padmanabhan
to formulate horizon thermodynamics [45], and similarly iii) the Friedmann equations at the
apparent cosmological horizon can be re-cast in the form of the first law of thermodynamics
[273, 274], though understanding mass as enthalpy is problematic in this setting [249]. See
[130, 275, 276] for further results and references. In this section we concentrate on horizon
thermodynamics, which explicitly works with notions of pressure and black hole volume.
The basic idea of horizon thermodynamics is as follows. Consider a static spherically
symmetric black hole spacetime, written in standard coordinates
ds2 = −f(r)dt2 + dr
2
g(r)
+ r2dΩ2 , (6.16)
with a non-extremal horizon located at r+ given by f(r+) = 0, and identify the total
pressure P with the T rr component of the energy-momentum tensor of all the matter fields,
34This ad hoc postulate is not justified by anything apart from simplicity and the fact that it does not
produce pathologies at least at first sight. For example, both effective temperature Teff and effective volume
Veff are now manifestly positive.
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including the cosmological constant, if present. The radial Einstein equation evaluated on
the black hole horizon can then be regarded as an Horizon Equation of State (HES)
P = P (V, T ) , (6.17)
which, upon a virtual displacement of the horizon, gives rise to the Horizon First Law
(HFL)
δE = TδS − PδV , (6.18)
both relations being reminiscent of the extended phase space thermodynamics studied in
Sec. 4.
For example, in 4-dimensional Einstein gravity minimally coupled to matter, the pres-
sure is identified as
P ≡ T rr|r+ =
T
2r+
− 1
8pir2+
= P (V, T ) (6.19)
from the radial Einstein equation in the spherically symmetric case, using the familiar
relation T = κ2pi for the temperature. Equation (6.19) is the HES (6.17), upon identifying
the volume V with the geometric volume
V =
4
3
pir3+ . (6.20)
Employing the Bekenstein relation S = A4 = pir
2
+ for the entropy yields
TδS = 4pir2+δr+︸ ︷︷ ︸
δV
P +
δr+
2︸︷︷︸
δE
⇒ δE = TδS − PδV , (6.21)
which is the HFL.
Note that to obtain the HES and HFL it was necessary not only to use the identification
(6.19) for the pressure but also to determine the thermodynamic quantities T, S, and V by
some other criteria. The output is the identification of the horizon ‘quasi-local’ energy
E =
r+
2
, (6.22)
which is nothing other than a Misner–Sharp energy35 and a universal HES (6.19) whose
form depends only on the type of gravitational theory considered (Einstein’s gravity in
our case) and whose dependence on matter content is ‘entirely captured’ by the notion of
pressure P . We also note that the resultant HFL (6.18) is of ‘cohomogeneity-one’, contrary
to expectations (from the presence of two terms on the right-hand side of (6.18)) that it
should be a cohomogeneity-two relation. The only independent variation δr+ corresponds
to the virtual displacement of the horizon.
Defining the horizon Gibbs free energy G = E−TS+PV = G(T, P ) from the quantities
in (6.18) yields three qualitatively distinct behaviours, plotted in Fig. 16. This indicates
that horizon thermodynamics is ‘universal’: it depends only on the gravitational theory
35This is a meaningful concept of quasi-local energy in spherically symmetric spacetimes [277], evaluated
on the black hole horizon.
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Figure 16. Gibbs free energy in horizon thermodynamics: Einstein black holes. The
G − T diagram is displayed for P = 0.03 (red curve), P = 0 (black curve) and P = −0.2 (blue
curve). For positive pressures we observe a characteristic shape reminiscent of the Hawking–Page
behavior.
under consideration and not the matter content. For example, in Einstein gravity one
always recovers the same HES (6.19) and all possible phase diagrams are of the type
displayed in Fig. 16. However the actual interpretation of the phase diagram requires some
care, since it depends on the actual matter content and is inherently degenerate: different
“points” on the curves display black holes that not only differ by their size, but also
may have different charges, or even be in a different environment [132]. The resemblance
between the P > 0 curve and the Hawking–Page transition [13] is only superficial because
the horizon thermodynamics diagram corresponds to a thermodynamic ensemble in which
one fixes the total pressure of all matter fields.
To obtain more complicated diagrams other theories of gravity must be considered
[278]. For example Fig. 17 displays the horizon Gibbs free energy for the five-dimensional
Gauss–Bonnet black hole. Various gravitational theories can be classified based on their
corresponding phase diagrams, which corresponds to a classification of ‘vacuum’ black hole
solutions in a given theory [132, 279]. For example, if the stress-energy vanishes then the
thermodynamics reads
δE = T0δS , where E =
r+
2
, T0 =
1
4pir+
, S = pir2+ (6.23)
for the vacuum Schwarzschild black hole. Upon adding matter whilst retaining spherical
symmetry, the HES can be written as
T = 2r+P +
1
4pir+
= 2r+P + T0 , (6.24)
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Figure 17. Gibbs free energy in horizon thermodynamics: d = 5 spherical Gauss–
Bonnet black holes. The G− T diagram is displayed for P = 0.01 (red dash curve), P = 0.0025
(red solid curve), P = 0 (black curve), and P = −0.05 (blue curve) and α2 = 1. For small
positive pressures we observe a characteristic swallow tail reminiscent of the Van der Waals-like
phase transition.
where T corresponds to the ‘true’ Hawking temperature via (2.4); the latter term can be
written in terms of the ‘vacuum black hole temperature’ T0. The HFL is given by the
‘vacuum black hole first law’ (6.23) described from the viewpoint of an observer able to
measure the true Hawking temperature T . The matter contribution
δE = T0︸︷︷︸
T−2r+P
δS = TδS − P 2r+δS︸ ︷︷ ︸
δV
(6.25)
can be interpreted as a work term. This explains the true meaning of the HFL and the
origin of the universality of horizon thermodynamics: the horizon equations represent an
‘equivalence class of vacuum relations’ described from a point of view of observers who can
identify the true matter content of the spacetime.
It is possible to extend these considerations to rotating black holes [280]. The HFL
becomes a cohomogeneity-two relation
δE = TδS + ΩδJ − σδA , (6.26)
where σ stands for the horizon ‘surface tension’ of all the matter fields, and the horizon
radius r+ and the rotation parameter a are now allowed to vary independently. One can
show that only in very special cases, the tension term can be re-expressed as a pressure–
volume term, obtaining so a more specialized HFL δE = TδS + ΩδJ − PδV , see [280] for
more details.
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6.3 Lifshitz Spacetimes
Lifshitz spacetimes have attracted much attention in connection with a generalized AdS/CFT
correspondence, where they play the role of gravity duals to condensed matter systems with
anisotropic scaling [281]. Namely, the field theory is characterized by a dynamical critical
exponent z, which governs the anisotropy between spatial and temporal directions,
t→ λzt , xi → λxi , z 6= 1 , (6.27)
a toy model being the Lifshitz field theory with z = 2.
In order to describe the field theory at a finite temperature one considers asymptotically
Lifshitz black hole spacetimes, e.g. [62, 282–284] (see also [285, 286] for comments on their
pathologies). Employing the metric ansatz
ds2 = −
(r
l
)2z
f(r)dt2 +
l2dr2
r2g(r)
+ r2dΩ2k , (6.28)
one recovers the required scaling (6.27), accompanied by r → λ−1r, provided that f and g
approach unity at large r. The metric is typically recovered as a solution to field equations
modified from general relativity by adding a Proca field or specially tuned higher-curvature
terms; the AdS asymptotics is recovered upon setting z = 1.
Contrary to the asymptotically AdS spacetimes where the asymptotic mass plays the
role of an enthalpy and can be uniquely defined through e.g. the method of conformal
completion [122–124], the unusual asymptotics of spacetime (6.28) makes the concept of
mass difficult to define, leading to a question of whether or not consistent thermodynamics
can be for such black holes formulated. In particular, there exists some disagreement over
the correct mass and several proposals for a generalized Smarr relation
(d+ z − 2)M = (d− 2)TS , (6.29)
paired with a first law
δM = TδS , (6.30)
appeared in the literature [61–68] and were found valid for concrete examples of Lifshitz
black holes. The relation (6.29) apparently differs from the standard formula (2.19) and
is not consistent with the first law through the Eulerian scaling [62, 64]; for example the
mass term M evidently would have to scale as Ld+z−2.
The situation was recently resolved in [58] where the authors proposed a procedure
where the ‘standard AdS-type’ Smarr relation (2.19) and first law were imposed and ex-
ploited to derive the thermodynamic mass and volume for various kinds of Lifshitz black
holes. This is possible in general since notions of entropy (horizon area), temperature
(surface gravity), pressure (cosmological constant), and charge are each well-defined. This
approach for computing mass agrees in all cases where mass can be computed by indepen-
dent means. It can furthermore be extended to cases where there is disagreement on how
to compute mass, and in general adjudicates between ambiguities that occur for particular
kinds of black holes that have degeneracies in their parameter space. The Smarr relation
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(6.29) (and others that previously appeared in the literature) were shown to be unified into
the standard AdS one upon exploiting additional identities valid for particular varieties of
Lifshitz black holes. More concretely, one can for a given solution (6.28) algorithmically
construct the mass M and thermodynamic volume V , starting from a knowledge of T and
S [58]. Curiously, the computed volume V often violates (at least in some range of pa-
rameters) the AdS version of reverse isoperimeric inequality discussed in Sec. 3, suggesting
that in the asymptotically Lifshitz case such an inequality has to be accordingly modified.
For example, an exact solution to a higher-curvature gravity theory [222]
f(r) = g(r) = 1− ml
5/2
r5/2
, (6.31)
describing a k = 0 Lifshitz black hole with Λ = −2197
551l2
, was found to have
M =
297
1102
r5+ω
(0)
3
l3
, V =
1782
2197
r5+piω
(0)
3
l
, (6.32)
where ω
(0)
3 is the surface area of the constant (t, r) toroidal section, consistent with the
mass obtained via other methods [222]. The other thermodynamic parameters are
T =
5r2+
8pil3
, S =
396pir3+ω
(0)
3
551
, P =
2197
4408pil2
, (6.33)
for the temperature, entropy, and pressure, respectively. The ratio (3.5) is easily computed
to be [58]
R = 3
(
88pi
133
r+
l
) 1
4
, (6.34)
and so for sufficiently small r+ we will have R < 1 violating the AdS version of the reverse
isoperimetric inequality.
6.4 Symmetry breaking vacua
Lovelock gravity theories have several maximally symmetric vacua with different values of
the curvature. There can be reduced symmetry vacua that are separated by critical surfaces
in the space of Lovelock couplings, with a variety of possibilities for vacuum symmetry
breaking [287]. The potential physical relevance of transitions across such critical surfaces
could happen if the cosmological constant were dynamical. A form of such transition from
AdS to de Sitter space with a black hole was recently considered [288] and shown to have
an interpretation within the context of black hole chemistry [289].
7 Summary & future outlook
Black hole thermodynamics has undergone a renaissance in recent years, as many theorists
have explored the implications of understanding Λ as thermodynamic pressure P . This is
an exciting and fruitful area of research, with many new developments over the past few
years. The basic picture of black holes as Van der Waals fluids with the associated critical
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exponents is now firmly established. Furthermore, it is quite robust, being replicated in
pretty much any gravitational theory, with pretty much any couplings to matter, and with
unconventional asymptotics. New phenomena familiar from everyday thermodynamics,
such as enthalpy, reentrant phase transitions, triple points, and Carnot cycles have all now
entered the language and structure of the subject, broadening it to what is called Black
Hole Chemistry.
Despite this, many problems and open questions remain to be explored. Although the
thermodynamic correspondence with Van der Waals fluids is well established, the reasons
for this are still somewhat puzzling. Furthermore there are noteworthy exceptions. Black
holes in higher curvature gravity can exhibit both multiple reentrant phase transitions and
novel behaviour at their critical points under the right circumstances. Super-entropic black
holes violate the reverse isoperimetric inequality conjecture that is otherwise satisfied by
the vast majority of AdS black holes. For certain hairy black holes the entropy can even
become negative for certain values of the parameters. A better understanding of these
unusual cases should help us to better understand the thermodynamic character of all
black holes.
To this end, perhaps the most important quantity to understand is volume. It is
straightforwardly defined as the thermodynamic conjugate to pressure, but its physical
meaning and interpretation are rather mysterious, particularly since this notion survives
in the flat-space limit where the pressure vanishes. This is perhaps to be expected since
physical systems can have volume even in the absence of pressure, but its relevance for
asymptotically flat black holes is largely unexplored. The significance of the reverse isoperi-
metric inequality conjecture in this context is also not clear, particularly in view of the
super-entropic cases. If the asymptotics are broadened to include Lifshitz black holes, then
the conjecture also does not hold. Since the pressure differs in this case there is no a-priori
reason to expect it to hold; whether some generalized version of the conjecture can be
formulated is unknown. Furthermore, in de Sitter spacetime there are several notions of
volume, and in NUT-charged spacetimes the volume can even be negative. The diver-
sity of the situation suggests that some deeper understanding of volume and/or reverse
isoperimetric inequality remains to be found.
While this review has primarily concentrated on regarding Λ as a thermodynamic
quantity, we have noted that any dimensionful coupling, such as occurs in Lovelock gravity,
Quasi-topological gravity, or Born–Infeld electrodynamics can be regarded as a thermody-
namic variable, and associated conjugates exist. This greatly extends the thermodynamic
phase space. However there has been almost no investigation of the implications of this
finding. Perhaps even more exotic phenomena, such as quadruple or n-tuple critical points
(generalizing the triple point), remain to be found. Do third and higher-order black hole
phase transitions exist? Are there new kinds of isolated critical points? Do any of these
phenomena require a larger extended phase space or is variable Λ sufficient?
Black hole chemistry should likewise have implications for understanding the micro-
scopic degrees of freedom of black holes. While a concept of molecular density has been
developed for black holes, the implications of this idea have yet to be fully explored. In
more general terms, what do phenomena such as reentrant phase transitions and isolated
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critical points tell us about the “microscopic structure” of AdS black holes? And how
transferable are these notions to black holes with differing asymptotic structures?
An important related question is that of gauge/gravity duality in the context of ex-
tended phase space. In one interpretation, varying Λ in the AdS bulk is equivalent to
varying the number of degrees of freedom, N , in the boundary CFT, leading to the def-
inition of a chemical potential associated with N . Using this identification and previous
results shown in holography, for pure AdS spacetimes (dual to pure states of CFTs on the
AdS boundary), one can derive an extended form of the first law for holographic entangle-
ment entropy (which includes a chemical potential term) from the extended gravitational
first law. The chemical potential of the CFTs behaves similarly to that of an ideal gas.
However much remains to be done. While it has been suggested that the chemical po-
tential of the CFT and the black hole volume in the bulk are closely related (µ ∝ −V ),
this is the case only if the compactified dimensions (if there is compactification) stay fixed.
However in the particular case of AdS5 × S5, the size of the S5 also varies, rendering this
relationship between µ and V suspect. More generally, what is the interpretation of the
chemical potential µ of the gauge theory to the bulk spacetime? Another interpretation
is that varying Λ means varying the volume the CFT resides on; this yields an extended
thermodynamic phase space for the CFT since pressure and volume can be defined. The
full implications of this approach remain to be explored. Computation of higher-order cor-
rections beyond the leading large N limit have yet to be carried out, and their implications
for black hole chemistry should prove most interesting.
Finally there is considerable work to be done in extending Black Hole Chemistry be-
yond Λ < 0. While in principle one can incorporate variable Λ into black hole spacetimes
with any asymptotic structure, physically interpreting these cases remains a considerable
challenge, particularly in asymptotically de Sitter spacetimes. Yet transitions between
spacetimes with Λ < 0 and Λ > 0 exist, so it is essential that we obtain a better under-
standing of this latter case.
Chemistry, the interplay of matter, is a vast subject with many diverse applications.
Black hole chemistry may prove to be just as multi-faceted.
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A Generalized first law of black hole mechanics
In this appendix we reproduce the Hamiltonian derivation [47] of the extended first law
(2.14).36
36 We refer to [93] for a covariant treatment in more general setting of variable background fields.
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Consider a solution to Einstein’s equations in d spacetime dimensions that describes a
black hole with a Killing field. Decompose the metric
gab = hab − nanb , (A.1)
where na is the unit timelike normal (n · n = −1) to a hypersurface Σ, whose induced
metric hab satisfies ha
bnb = 0. Foliating spacetime by a family of such hypersurfaces, the
system can be taken to evolve along the vector field
ξa = Nna +Na , (A.2)
where N = −ξ · n is the lapse function and Na the shift vector, which is tangential to
Σ. The dynamical variables in the phase space are comprised of the metric hab and its
conjugate momentum piab = −√h(Kab − Khab), where Kab = hac∇cnb is the extrinsic
curvature of Σ. Here we denote K = Kaa and pi = pi
a
a as the traces of these respective
tensors, but h is the determinant of the metric hab restricted to Σ.
The full gravitational Hamiltonian is given by H = NH +NaHa , where
H ≡ −2Gabnanb = −R(d−1) + 1|h|
( pi2
d− 2 − pi
abpiab
)
,
Hb ≡ −2Gacnahcb = −2Da(|h|−
1
2piab) . (A.3)
Here Da is the covariant derivative operator with respect to hab on Σ, and R
(d−1) its scalar
curvature. Setting 8piT ab = −Λgab then yields
H = −2Λ , Hb = 0 , (A.4)
for the constraint equations.
Consider a solution gab of the field equations with Killing vector ξ
a and cosmological
constant Λ. Let g˜ab = gab + δgab be an ‘infinitesimally close’ solution (not necessarily
admitting any Killing vector) with Λ˜ = Λ + δΛ, and correspondingly h˜ab = hab + γab,
p˜iab = piab + pab, with hab and pi
ab regarded as the initial data for the original (background)
solution gab, and γab = δhab , pab = δpiab. Incorporating this into (A.4) gives DaB
a =
NδH +NaδHa = −2NδΛ , or alternatively [47, 290–292]
Da(B
a − 2δΛωabnb) = 0 , (A.5)
where N = −ξana = −Dc(ωcbnb),
Ba[ξ] = N(Daγcc−Dbγab)−γccDaN+γabDbN+ |h|−
1
2N b
(
picdγcdh
a
b−2piacγbc−2pab
)
, (A.6)
and ωab = −ωba, referred to as the Killing co-potential from section 3.6, satisfies [47, 293]:
∇cωcb = ξb , (A.7)
and is not unique; it is only defined up to a divergence-less term. If ωab solves ∇aωab = ξb ,
then so does ω′ab = ωab + ζab , where ∇aζab = 0.
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Equation (A.5) is a Gauss’ law relation. Integrating it over a volume Vˆ contained in
Σ gives ∫
∂Vˆout
dSrc
(
Bc[ξ]− 2δΛωcbnb
)
=
∫
∂Vˆin
dSrc
(
Bc[ξ]− 2δΛωcbnb
)
, (A.8)
where rc is the unit normal respectively pointing into and out of the inner and outer
boundaries ∂Vˆin,out of Vˆ . The ambiguity in ωab implies that in general the values of the
integrals on the outer and inner boundaries cannot be given separate interpretations; it is
only their difference that is meaningful. Writing ωcb = ωcb − ωcbAdS + ωcbAdS for the ∂Vˆout
integral yields∫
∂Vˆout
dSrc
(
Bc[ξ]− 2δΛωcbAdSnb
)
=
∫
∂Vˆout
dSrc
(
2δΛ(ωcb − ωcbAdS)nb
)
+
∫
∂Vˆin
dSrc
(
Bc[ξ]− 2δΛωcbnb
)
, (A.9)
where ωabAdS is the Killing co-potential of the ‘background AdS spacetime’.
Setting the outer boundary at spatial infinity, the respective variations in the total
mass M and angular momentum J of the space-time are defined as
16piδM = −
∫
∞
dSrc
(
Bc[∂t]− 2δΛωcbAdSnb
)
, (A.10)
16piδJ =
∫
∞
dSrcBc[∂ϕ] , (A.11)
and are obtained by respectively setting ξa = (∂t)
a (time translations) and ξa = (∂ϕ)
a
(rotations). The ωcbAdS term ensures δM is finite [47].
Taking the inner boundary to be the event horizon H of a black hole generated by the
Killing vector ξa = (∂t + Ω∂ϕ)
a yields
2κδA = −
∫
H
dSrcBc[∂t + Ω∂ϕ] , (A.12)
provided the horizon is a bifurcate Killing horizon of area A on which ξ vanishes, and
κ =
√
−12∇aξb∇aξb
∣∣
r=r+
is its surface gravity.
Since δΛ is spacetime-independent we can define
V =
∫
∞
dSrcnb
(
ωcb − ωcbAdS
)
−
∫
H
dSrcnbωcb , (A.13)
and interpret the remaining terms in (A.9) as V δP ; note that V is finite because of the
presence of the ωcbAdS term. So we have recovered
δM = TδS + V δP + ΩδJ , (A.14)
which (upon including the electromagnetic terms) becomes (2.14).
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B The d-dimensional Kerr-AdS Metric
In this appendix we review the general Kerr-AdS black hole spacetimes [53, 54] and their
basic characteristics. These are d-dimensional metrics that solve the Einstein equations
with cosmological constant
Rab =
2Λ
(d− 2)gab , (B.1)
and generalize the d-dimensional asymptotically-flat rotating black hole spacetimes of My-
ers and Perry [51]. In Boyer–Lindquist coordinates the metric takes the form
ds2 = −Wρ
2
l2
dτ2 +
2m
U
(
Wdτ −
N∑
i=1
aiµ
2
i dϕi
Ξi
)2
+
Udr2
F − 2m
+
N∑
i=1
r2 + a2i
Ξi
µ2i dϕ
2
i +
N+ε∑
i=1
r2 + a2i
Ξi
dµ2i −
1
Wρ2
(N+ε∑
i=1
r2 + a2i
Ξi
µidµi
)2
, (B.2)
where ρ2 = r2 + l2 ,
W =
N+ε∑
i=1
µ2i
Ξi
, U = rε
N+ε∑
i=1
µ2i
r2 + a2i
N∏
j
(r2 + a2j ) ,
F = rε−2
ρ2
l2
N∏
i=1
(r2 + a2i ) , Ξi = 1−
a2i
l2
. (B.3)
To treat even (ε = 1) odd (ε = 0) spacetime dimensionality d simultaneously, we have
parameterized
d = 2N + 1 + ε , (B.4)
and in even dimensions set for convenience aN+1 = 0. The coordinates µi are not indepen-
dent, but obey the constraint
N+ε∑
i=1
µ2i = 1 , (B.5)
in addition to 0 ≤ µi ≤ 1 for 1 ≤ i ≤ N and −1 ≤ µN+1 ≤ 1 (in even dimensions).
The spacetime admits up to N independent angular momenta Ji, described by N
rotation parameters ai, and generalizes the previously known singly-spinning case [52]. In
d = 4 it reduces to the four-dimensional Kerr-AdS metric. In any dimension, the general
rotating Kerr-AdS geometry admits a hidden symmetry of the Killing–Yano tensor [294]
that is responsible for integrability of geodesic motion and various test field equations in
these spacetimes [295].
The thermodynamic quantities associated with Kerr-AdS black holes were first calcu-
lated in [55]. The mass M , the angular momenta Ji, and the angular velocities Ωi read
M =
mωd−2
4pi(
∏
j Ξj)
( N∑
i=1
1
Ξi
− 1− ε
2
)
, Ji =
aimωd−2
4piΞi(
∏
j Ξj)
, Ωi =
ai(1 +
r2+
l2
)
r2+ + a
2
i
, (B.6)
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while the temperature T , and the entropy S are given by
T =
1
2pi
[
r+
(r2+
l2
+ 1
) N∑
i=1
1
a2i + r
2
+
− 1
r+
(1
2
− r
2
+
2l2
)ε ]
,
S =
A
4
=
ωd−2
r1−ε+
N∏
i=1
a2i + r
2
+
4Ξi
. (B.7)
The horizon radius r+ is determined as the largest root of F − 2m = 0 and ωd is given by
(3.6). Finally, the thermodynamic volume reads [49]:
V =
r+A
d− 1
(
1 +
1 + r2+/l
2
(d− 2)r2+
∑
i
a2i
Ξi
)
=
r+A
d− 1 +
8pi
(d− 1)(d− 2)
∑
i
aiJi . (B.8)
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